ABSTRACT

CORNEJO, DIEGO JAVIER. Resolvent and Proximal Compositions: Theory and Applications.
(Under the direction of Patrick L. Combettes.)

This dissertation analyzes the mathematical properties of parametrized versions of resol-
vent and proximal compositions, as well as resolvent and proximal mixtures, and explores
their applications to data science. These new operations combine, respectively, set-valued
operators with linear operators and functions with linear operators. First, we establish varia-
tional properties of proximal compositions and integral proximal mixtures. Second, we study
parametrized resolvent compositions and investigate their connections with classical construc-
tions for combining set-valued and linear operators. We then focus on the special case of re-
solvent compositions for positive linear operators. Finally, we propose a minimization model
based on proximal comixtures and illustrate its use in image recovery and data analysis appli-
cations.
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RESUMEN

CORNEJO, DIEGO JAVIER. Composiciones de Tipo Resolvente y Proximal: Teoria y Aplica-
ciones. (Bajo la direccion de Patrick L. Combettes.)

Esta tesis analiza las propiedades matematicas de las versiones parametrizadas de las com-
posiciones de tipo resolvente y proximal, asi como de las mezclas de tipo resolvente y proxi-
mal, y explora sus aplicaciones en ciencia de datos. Estas nuevas operaciones combinan, re-
spectivamente, operadores multivaluados con operadores lineales y funciones con operadores
lineales. En primer lugar, establecemos propiedades variacionales de las composiciones de tipo
proximal y las mezclas de tipo proximal integral. En segundo lugar, estudiamos las composi-
ciones parametrizadas de tipo resolvente e investigamos sus conexiones con construcciones
clasicas para combinar operadores multivaluados y lineales. A continuacion, nos centramos
en el caso especial de las composiciones de tipo resolvente para operadores lineales positivos.
Finalmente, proponemos un modelo de minimizaciéon basado en mezclas de tipo proximal e
ilustramos su uso en aplicaciones de recuperacion de imagenes y analisis de datos.
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NOTATION AND DEFINITIONS

General notation

e H, G, Gk, K: Real Hilbert spaces.

e (- | -)y: Scalar product on the real Hilbert space #.

e || - ||%: Norm on the real Hilbert space .

e 2 Quadratic kernel, defined by 2y = || - ||3,/2.

e H & G: Hilbert direct sum of H and G, defined as H x G equipped with the scalar product

((x1,91), (w2, 92)) = (21 | 22)9 + (y1 | y2)g-

e Idy: Identity operator on H.

e 2%: Power set of H.

e B(H,G): Space of bounded linear operators from H to G.
e B (H): Space of bounded linear operators from A to H.

e L*: Adjoint operator of a bounded linear operator L.

e L': Generalized inverse of a bounded linear operator L.

e ||L]|: Norm of a bounded linear operator L.

e —: Strong convergence.

e —: Weak convergence.

e 5: Epi-convergence.

o %: Graph-convergence.

(Q,F, u): Measure space.

Notation and definitions for a function f: H — [—o0, +0]
* dom f = {z € H | f(x) < +00}: Domain of f.
epi f = {(z,€) € H x R| f(z) < &}: Epigraph of f.

Argmin f: Set of global minimizers of f.

argmin f: The unique minimizers of f.

» fis properif —oco ¢ f(#H) and dom f # @.

f is lower semicontinuous if epi f is a closed subset of H ® R.

* fis convex if epi f is a convex subset of H ® R.



e IL,(H) = { f:H —]—o00,+00| | f+ pZ2y is proper lower semicontinuous and convex},
where p € R.

* f*: Conjugate of f, defined by

froH = [0, 400t 2" = 3161713(@ |2%) — f(2)).

* lenv, f or 7f: (Lower) Moreau envelope of f of parameter ~ € |0, 4oc[, defined by
lenv, f =7f: H — [—00,+00]: z +— inf <f(y) + i||33 —y||%>
7 ’ yeEH 2y
* uenv, f: Upper Moreau envelope of f of parameter v € |0, +o0], defined by

1
uenv, f: H — [—00,+o0]: x > 51615 (f(y) - 5”95 - yH%—z)
Yy

* Of: Subdifferential of f, defined (when f is proper) by
of i H — 2"z {zr e | (VyeH) (y—a|z*)y+ fl@) < f(y)}
* prox,: Proximity operator of a function f € I'g(#), defined by

. 1
prox;: H — H: x> argmin, .y (f(y) + §Hx — y\\%)

Notation and definitions for a subset C C H

e .¢: Indicator function of C, defined by

0, if zeC;

to: H —[0,+00]: z —
+oo, if z ¢ C.

e C': Closure of C.
e span C': Span of C.
e cone C': Conical hull of C.

e stiC = {z € C | cone(C — z) =3pan(C — z)}: Strong relative interior of a convex set

C.

e d: Distance function to C, defined by

do: H — [0,+00]: x — inf||C — z||5.

xi



e proj: Projection operator onto a nonempty closed and convex set C, defined by
projo = prox,, .

Notation and definitions for an operator 7': H — H

* FixT = {x € H | Tx = }: Set of fixed points of T".

* T is Lipschitzian with constant 8 € [0, +oo[ if

(Ve e H)(Vy e H) [Tz —Tylly < Bllz -yl

* T is cocoercive with constant 3 € ]0, +oo| if
(Vz € H)(Vy € H) (x—y|Te—Ty)y > BTz — Tyl

* T is nonexpansive if it is Lipschitzian with constant 1.

T is firmly nonexpansive if it is cocoercive with constant 1.

Notation and definitions for a set-valued operator A: H — 27

* domA = {z € # | Az # @}: Domain of A.

e ran A = | J,y, Az: Range of A.

* zerA= {z € H|0€ Ax}: Set of zeros of A.

» graAd={(z,2*) € H x H |z* € Az}: Graph of A.
e A~!:Inverse of A, defined by

A_liH—>2HZZL'*I—>{:L'EH|l’*€A$}.
* J4: Resolvent of A, defined by
Ja = (Idy + A)~L
* 7A: Yosida approximation of A of index v € ]0, +o0c[, defined by

1
A= (I~ ).

e A is monotone if

(V(z,2*) € grad)(V(y,y*) € grad) (z—ylaz*—y*)y =0.

xii



* A is maximally monotone if it is monotone and there exists no monotone operator
A: H — 2% such that graﬁ properly contains gra A.

Notation for proximal compositions with parameter v € |0, +o0o[

L g: Proximal composition of g and L.

Le g: Proximal cocomposition of g and L.
<&
M., (L, gk ) ke k- Proximal mixture of (g;)rex and (Ly)kek-

*

M., (L, g ) ke k- Proximal comixture of (gy)rex and (Li)rek-

* pav,(gr)rex: Proximal average of (gi)kcr -

Notation for resolvent compositions with parameter v € |0, +o0o[

« L& B: Resolvent composition of B and L.

L + B: Resolvent cocomposition of B and L.

<&
M., (L, Bi) ke i : Resolvent mixture of (By)rex and (Li)rek -

M., (L, Bi) ek : Resolvent comixture of (By)rex and (Lj)kek-

rav~ (Bj)reri: Resolvent average of (By)rck -

xiii



Chapter

INTRODUCTION

1.1 Overview

Throughout, # is a real Hilbert space with power set 2%, identity operator Id, scalar product
(-|-)4, and associated norm |-||,,. The class of proper lower semicontinuous convex functions
from H to |—o0, +o0] is denoted by I'y (7). In addition, G is a real Hilbert space, and the space
of bounded linear operators from H to G is denoted by B (#, G).
Given a monotone operator A: # — 27 a fundamental problem in nonlinear analysis is
to
find T € H suchthat 0 ¢ AZ. (1.1

This problem arises in a wide variety of applications [28], including optimization [8, 25, 33,
44, 45,70], minimax problems [70], signal processing [32,36-38], image recovery [14, 15,
20, 34], machine learning [62, 80], neural networks [35,48,49], game theory [13,17], and
partial differential equations [52, 74, 82]. From an algorithmic perspective, a fundamental
approach to solve (1.1) is the proximal point algorithm [71], which is formulated in terms of

the resolvent operators of A, defined by
(Vy €10,4+00]) Jya = (Idgy +~vA) 7" (1.2)

More precisely, given a family of parameters (-, )nen in ]0, +00[, the operators (.J5, 4)nen are
single-valued when A is maximally monotone, and the proximal point algorithm generates a

sequence (z,)nen according to
(VneN) zp11 = Jy,a2p. (1.3)

In many scenarios, the operator A in (1.1) can be expressed as a composition of a set-valued
operator B: G — 29 and a linear operator I € B (#,G). The most common construction is



the standard composition
L*oBolL, (1.4)

which has been studied extensively in the literature; see, for instance [2, 3,5, 6, 8,12, 24,28,
33,39,45,65,67,75,77,79]. Another important instance is the parallel composition

L*>DB=(L*oB loL)™! (1.5)

of B by L*, which was introduced in [11] and further investigated in [8,16,28,79]. In general,
operators obtained through such composite constructions do not admit closed form expres-
sions of their resolvent operators, which prevents the direct implementation of the proximal
point algorithm (1.3), as it relies on the computability of the resolvent.

In this dissertation, we focus on two monotonicity-preserving operations, called resolvent
compositions, recently introduced in [27], which provide a framework for implementing the
proximal point algorithm in terms of the linear operator L and the resolvent of B.

Definition 1.1 ([27, Definition 1.1]) Let L € B (H,G), let B: G — 29, and let v € |0, 4+-oa].
The resolvent composition of B and L with parameter + is the operator L $B:H — oM given
by

L$B=L*D> (B4~ dg) — v '1dy, (1.6)

and the resolvent cocomposition of B and L with parameter ~ is
1/v —1\—1
LeB=(L o B™") . (1.7)

A motivation for studying resolvent compositions stems from the fact that, contrary to
the standard operations (1.4) and (1.5), their resolvent operator can be computed explicitly.
This feature, in turn, significantly facilitates the design and implementation of algorithms
for monotone inclusion and convex optimization problems [18,27-29,31,41]. Special cases
can be implicitly found in concrete applications such as computed tomography [21], signal
recovery [29,31], neural networks [48, 49], inverse problems [51], and machine learning
[73,80]. More precisely, [27, Propositions 1.2 and 4.1(v)] state that

=L*oJygoL and J

Lap) = ldu—L'o (g~ Lp)oL. (1.8)

v(LSB)
At the variational level, resolvent compositions of subdifferentials of functions in I'g(G) give
rise to new functions the subdifferential of which is precisely the corresponding resolvent
composition.



Definition 1.2 ([27, Definition 1.4]) Let L € B (H,G), let g € T'4(G), and let v € |0, +o0|.
The proximal composition of g and L with parameter ~ is

1, * 1
Lég=(TtgoL) =5l B (1.9

and the proximal cocomposition of g and L with parameter ~ is
1
Lyg=(L'5 ¢y (1.10)

As established in [27, Examples 3.6(iii) and 3.10(ii)], under the assumption that 0 <
|L|| < 1, the resolvent and proximal compositions are related via

L5dg=0(Log) and Ledg=ad(L+g). (1.11)

Thanks to (1.8) and the fact that the proximity operator of a function in I'y(G) is the resolvent
of its subdifferential operator (see [8, Section 23.1]), the proximity operators of the proximal
compositions are computable explicitly in terms of the proximity operator of ¢ and L, namely,

proxv(ng) = L" oprox, oL and proxv(ng) =Idy — L" o (Idg — prox,;) o L. (1.12)
A particular instance of a proximal composition is the proximal comixture, defined as follows.

Definition 1.3 ([27, Example 5.9]) Let K be a nonempty finite set and, for every k € K,
let G;. be a real Hilbert space, let gx € T'9(Gx), let Ly € B (H,Gx), and let oy, € |0, +00]. The
proximal comixture of (g )rex and (Li)rex with parameter v € ]0, +o00] is

*

* * 1
Mo (Li, gk ke = ((Z a("gr) o Lk) — 5l ||3{> - (1.13)
keK
The proximal comixture operation is a generalization of the proximal average operation
[9], which arises as the special case in which Y 7_, a;, = 1 and, for every k € K, G, = H and
Ly, = Idy, namely,

*

pav. (g1 = ((Z () 1 u%) . (114)

keK
In this specific context, the benefits of using proximal averages in lieu of standard averages
have been documented in [50,62,73,80].
Despite progress on resolvent and proximal compositions [18,27], the state of the art
* focuses exclusively on the static case v = 1;

 provides limited comparisons with the standard compositions (1.4) and (1.5);

* does not study the interplay with other types of function and operator approximations;



does not address concrete applications.

This leaves several important open questions, which we address in this thesis:

(QD)

(Q2)

(Q3)

(Q4)

1.2

What are the variational properties of the proximal compositions of Definition 1.2 for
v € ]0,4+00[? In particular, in which way do these compositions relate to classical ones,
how do they behave asymptotically as the parameter « varies, and in what sense does
this convergence occur?

How can the resolvent compositions of Definition 1.1 for v € |0, +oco[ be interpreted and
related to the composite methods (1.4) and (1.5)? Moreover, what is the asymptotic
behavior of resolvent compositions as the parameter  varies, and in what sense does this
behavior occur? These questions remain open even for the resolvent averages [7,10,78],
which correspond to a particular instance of resolvent compositions in which, for every
ke K,G,=Hand L, = Idy.

It has been observed in [56, 59] that the arithmetic average, harmonic average, and
resolvent average are nonexpansive in the space of self-adjoint strongly monotone op-
erators endowed with the Thompson metric [76]. This property guarantees the stability
of the averaging processes and is particularly useful in the study of nonlinear equations
[56]. Moreover, in the finite-dimensional setting, [10] shows that the resolvent aver-
age interpolates between the arithmetic average as 7 — 0 and the harmonic average
as 7 — +oo. These observations naturally lead to the following question: are resol-
vent compositions nonexpansive with respect to the Thompson metric, and can they be
interpreted as interpolations of the operations (1.4) and (1.5)?

In minimization models for image recovery and data analysis, loss functions and linear
operators are commonly aggregated as an average of composite terms. Each term in
the aggregate models a desired property of the ideal solution, reflecting both a priori
knowledge and observed data. When proximal comixtures of Definition 1.3 are used as
an aggregation method, what benefits do they offer in terms of modeling, variational
structure, and algorithmic implementation?

Contributions and organization

The main contributions of this dissertation are the following:

In Chapter 2, we focus on (Q1) and establish various variational properties of the
parametrized proximal compositions. We study in particular convexity, Legendre con-
jugacy, differentiability, Moreau envelopes, coercivity, minimizers, recession functions,
and perspective functions of these constructs. We also analyze their asymptotic behavior
as the parameter varies, considering both pointwise convergence and epi-convergence.

Chapter 3 is devoted to (Q2), where we provide an in-depth analysis of the parametrized
resolvent compositions. We show that these compositions can be interpreted as parallel



compositions of perturbed operators. Additionally, we derive asymptotic results con-
cerning operator convergence, with a particular focus on graph-convergence and the
p-Hausdorff distance.

* We address (Q3) in Chapter 4, where we present several new results, including Léwner
partial order relations, concavity, nonexpansiveness, and asymptotic behavior. These re-
sults generalize in particular the asymptotic properties established in [10, 41, 54, 56].
Furthermore, we introduce geometric interpolations of (1.4) and (1.5) and investigate
their connections with resolvent compositions.

* In Chapter 5, we focus on (Q4) and propose an alternative minimization model based
on proximal comixtures. We analyze the mathematical properties of these aggregation
operations and compare them with standard composite averages. We also examine the
interplay between proximal cocompositions and classical function approximations. Nu-
merical illustrations of the benefits of this model are provided in the context of image
recovery and data analysis applications.

* We conclude the dissertation in Chapter 6 with future research directions.

1.3 Publications

The findings resulting from the research carried out in the dissertation have been disseminated
in the following conference article and four Q1-ranked journal articles:
1. P L. Combettes and D. J. Cornejo, Signal recovery with proximal comixtures, Proceed-
ings of the European Signal Processing Conference, pp. 2637-2641. Lyon, France, Au-
gust 26-30, 2024.

2. P L. Combettes and D. J. Cornejo, Variational analysis of proximal compositions and
integral proximal mixtures, Evolution Equations and Control Theory, vol. 17, pp. 106—
139, 2026.

3. D. J. Cornejo, Parametrized families of resolvent compositions, Set-Valued and Varia-
tional Analysis, vol. 33, art. 6, 24 pp., 2025.

4. D. J. Cornejo, Resolvent compositions for positive linear operators, Positivity, to appear.

5. P L. Combettes and D. J. Cornejo, Proximal comixture minimization models for image
recovery and data analysis, submitted.
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Chapter

VARIATIONAL ANALYSIS OF PROXIMAL
COMPOSITIONS AND INTEGRAL
PROXIMAL MIXTURES

2.1 Introduction and context

We address question (Q1) of Chapter 1 by providing variational properties of proximal com-
positions and integral proximal mixtures.
This chapter presents the following journal article:

P L. Combettes and D. J. Cornejo, Variational analysis of proximal compositions
and integral proximal mixtures, Evolution Equations and Control Theory, vol.
17, pp. 106-139, 2026.

2.2 Article: Variational analysis of proximal compositions and in-
tegral proximal mixtures

Abstract. This paper establishes various variational properties of parametrized versions of
two convexity-preserving constructs that were recently introduced in the literature: the prox-
imal composition of a function and a linear operator, and the integral proximal mixture of
arbitrary families of functions and linear operators. We study in particular convexity, Legen-
dre conjugacy, differentiability, Moreau envelopes, coercivity, minimizers, recession functions,
and perspective functions of these constructs, as well as their asymptotic behavior as the pa-
rameter varies. The special case of the proximal expectation of a family of functions is also
discussed.
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2.2.1 Introduction

Throughout, # is a real Hilbert space with power set 2%, identity operator Id, scalar product
(-] -)q, associated norm |-||,,, and quadratic kernel 23 = ||- |]§{/2. In addition, G is a real
Hilbert space, the space of bounded linear operators from # to G is denoted by B (H,G), and
we set B (H) = B (H,H). The Legendre conjugate of f: H — [—oo, +0o0] is

[ H — [—oo,+00]: ¥ — SU£(<:L' |2%)4 — f(@)), (2.1)
re

the Moreau envelope of index 7 € ]0, +oo[ of f: H — [—o0, +00] is

TfrH — [—o0, +00]: z — inf(f(y)—i—l,%.,g(w—y)), (2.2)
yeH vy
and the adjoint of L € B (#,G) is denoted by L*.
In analysis, there are several ways to compose a function g: G — [—o0, +00] and an oper-
ator L € B (H,G) in order to construct a function from H to [—oo, +0c]. The most common is
the standard composition

goL:H — [—o0,+00]: z — g(Lz). (2.3)

Another instance is the infimal postcomposition of g by L*, that is (see [2, Section 12.5] and
[16, Section 1.5], and, for applications, [4,5,19]),

L*D>g: H — [—00,400]: © — 1r61£ 9(y). 2.4)

L%{y::c
These two operations are dually related by the identities (L*[>¢)* = ¢* o L and, under certain
qualification conditions, (g o L)* = L* > g* [2, Corollary 15.28]. The focus of the present
paper is on the following alternative operations introduced in [9], where they were shown to

manifest themselves in various variational models.

Definition 2.1 Let L € B (H,G), g: G — [—00,+o0], and v € |0, 4o0|. The proximal compo-
sition of ¢ and L with parameter ~ is the function L 3 g: H — [—00,+00] given by

1

Ldg= (v(g*)oL)*—%s@H, 25)
1/

and the proximal cocomposition of g and L with parameter  is L . g=(L & g)*.

In [9], proximal compositions were studied only in the case when v = 1 and few of their
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properties were explored. The goal of this paper is to carry out an in-depth analysis of these
compositions, leading to results which are new even when v = 1. We study in particular
convexity, Legendre conjugacy, differentiability, subdifferentiability, Moreau envelopes, min-
imizers, recession functions, perspective functions, as well as the preservation of properties
such as coercivity, supercoercivity, and Lipschitzianity. We also investigate the behavior of L g
and L+ g as vy varies. Another contribution of our work is to derive from these results a system-
atic analysis of the notions of integral proximal mixtures and comixtures. These operations,
recently introduced in [7], combine arbitrary families of convex functions and linear operators
acting in different spaces in such a way that the proximity operator of the mixture is explicitly
computable in terms of those of the individual functions. In turn, this analysis leads to new
results on the proximal expectation of a family of convex functions.

The remainder of the paper is organized as follows. In Section 2.2.2, we provide our no-
tation and the necessary mathematical background. In Section 2.2.3, we investigate various
variational properties of proximal compositions. Finally, Section 2.2.4 is devoted to applica-
tions to integral proximal mixtures and proximal expectations.

2.2.2 Notation and background

We first present our notation, which follows [2] (see also the first paragraph of Section 2.2.1).

Let L € B (H,G). The range of L is denoted by ran L and, if it is closed, the generalized
inverse of L is denoted by L. Further, L is called an isometry if L* o L. = Idy and a coisometry
if Lo L* =1dg. Let f: H — [—00, +00]. We set

cam f = {h: H — R | h is continuous, affine, and h < f}
f =sup{h: " — [—00,400] | h is lower semicontinuous and h < f} (2.6)

f= sup{h: H — [—o00,+0c] | h is lower semicontinuous, convex, and h < f}.

The infimal postcomposition of f by L € B (H,G) (see (2.4)) is denoted by L B> f if, for every
y € L(dom f), there exists € H such that Lz = y and (L > f)(y) = f(z) € |—o00, +oc]. The
function f is proper if dom f = {z € H | f(z) < 400} # @ and —oco ¢ f(H). If f is proper, its
subdifferential is

of i H — 2"z — {w* eEH|(VyeH) (y—a|z")y + flz) < f(y)} 2.7
and, if f is also convezx, its recession function at z € H is

(recf)(x) = sup (f(z+y)—f(y)). (2.8)

yedom f
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If fand g: H — |]—00, +o0] are proper, their infimal convolution is

ng:’H—>[—oo,—l—oo]:3:»—>yig£(f(y)+g(x—y)). (2.9)

We denote by I'y(H) the class of functions from # to |—oo,+oc] which are proper, lower
semicontinuous, and convex. If f € I'y(H), its proximity operator is

prox;: H — H: x — argmin (f(y) + 2x(z —y)). (2.10)
yeH

Let C C H. Then (¢ denotes the indicator function of C' and o¢ the support function of C. If
C' is convex, its normal cone is denoted by N¢ and its strong relative interior is the set sri C'
of points = € C such that the smallest cone containing C' — x is a closed vector subspace of .
If C is nonempty, closed, and convex, its projection operator is denoted by proj.. Finally, the
closed ball with center x € H and radius p € |0, +oc[ is denoted by B(x; p).

The following facts will be frequently used in the paper.

Lemma 2.2 Let f and g be functions from H to [—oo, +00]. Then the following hold:
@ <
(i) f<g=g" < f~
(iii) f** = f*
(iv) f*=4oc0o< cam f = @.
(v) f*e€To(H) < |[fisproperand cam f # & ].
Proof. (i)-(iii): [2, Proposition 13.16].
(iv): [2, Proposition 13.12(ii)].
(v): Combine [2, Proposition 13.10(ii)] and (iv). O

Lemma 2.3 [2, Propositions 13.10(ii) and 13.23(i)-(i)] Let f: H — [—oo,+o0] and let
p € 10, +o0[. Then the following hold:

@D () =pf*(/p).
G (pf(-/p))" = pf.
G (f(p)* = f*(-/p)-

The next lemma follows easily from (2.2).

Lemma 2.4 Let f: H — [—00,400], v € ]0,+00], and p € ]0,+oc[. Then the following hold:
M p(f) = *(pf).
@ (f)p) = (£ (o).

Lemma 2.5 Let f € T'o(H) and v € |0, +oc[. Then the following hold:
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(i) [2, Theorem 9.20] cam f # @.
(i) [2, Corollary 13.38] f* € I'o(H) and f** = f.
(iii) [2, Corollary 16.30] 0f* = (0f)~L.
(iv) [2, Remark 14.4] 1f + }(f*) = 24 and Prox; + prox;. = Idy.
(v) [2, Theorem 13.49] rec(f*) = 0dom f and rec f = ogom f+-
(vi) [2, Propositions 12.15 and 12.30] "f: H — R is convex and Fréchet differentiable.
(vii) [2, Proposition 12.30] V(7f) = (Idy — prox. ;) /7.
(viii) [2, Proposition 14.1] (f +~v2x)* = ().
Lemma 2.6 Let f: H — |—o00,+00], L € B (H,G), and v € ]0,4o0[. Then the following hold:
(i) [2, Proposition 13.24(ii)] ("f)* = f* + v2x.
(i) [2, Proposition 13.24(@iv)] (LD f)* = f* o L*
(iii) [2, Corollary 15.28(i)] Suppose that f € T'o(H) and 0 € sri(dom f — ran L*). Then
(foL*)*=LB f*
Lemma 2.7 Let f € T'o(H), g € To(H), and v € |0, +oc] be such that "f = g. Then f = g.
Proof. By Lemma 2.6(i), f* = ("f)* — 72y = ("9)" — 724 = ¢*. Therefore, we deduce from
Lemma 2.5@i) that f = f* =¢* =¢. O
Lemma 2.8 Let L € B(H,G) and set & = 25 — 2y, o L*. Then ® is convex if and only if
IL] < 1.
Proof. Since dom® = G and V® = Idg — L o L*, we deduce from [2, Proposition 17.7] that ®

is convex < Idg — L o L* is monotone < [|[L* - |3, < || - |3 & [[L*| < 1< ||L]| < 1. O

Lemma 2.9 [2, Proposition 17.36(iii)] Let A € B (H) be monotone and self-adjoint. Suppose
that ran A is closed, set ga: H — R: x — (x| Ax),/2, and define q; likewise. Then ¢} =
lran A + q At-

2.2.3 Proximal compositions

2.2.3.1 General properties

We start with direct consequences of Definition 2.1.

Proposition 2.10 Let L € B (H,G), g: G — [—o0,+0], v € ]0,+0o0[, and p € ]0,+oo[. Then
the following hold:
(i) Let h: G — [—o0, +0o0] be such that g** < h < g. Then Ldh= nganszh = ng.

Gi) (L3g) =L '% ¢~
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GiD) (L3g)" = (L5 g*)™.

(V) (L3g)™ = (L4 g*).

(
W) p(Ldg) =L

)
WD (L3g)(p) =L " (g(p))
i) p(Leg) =L ¢ (pg)
(viii) (L og)(p-) =L+ (

Proof. (i): By Lemma 2.2(ii)-(iii), ¢* = ¢*** > h* > g¢*. Therefore, h* = ¢*, and the claims
follow from Definition 2.1.
(ii): It follows from Definition 2.1 and (i) that L 10
(iii): An immediate consequence of Definition 2.1.
(iv): This follows from (ii).
(v): Combining Lemmas 2.3(ii), 2.4(i)—(ii), and 2.3(i), we obtain

p(%(g*) oL>* - (p (g% o (L/p)>* _ (ﬁ(pg*(./p)) OL>* _ (5(@)*) OL)*. 2.11)

The assertion therefore follows from Definition 2.1.
(vi): We deduce from Lemmas 2.3(iii) and 2.4(ii) that

(%(g*) oL>*(,0.) _ (%(g*) o (L/,o)>* - (é(g*(,/p)) OL>* - <§<(g(p.))*> OL>*. (2.12)

In view of Definition 2.1, the assertion is established.

=(Lég™) = (Log)

(vii): We invoke Definition 2.1, Lemma 2.3(ii), (v), (vi), and Lemma 2.3(i) to get

p(L39) =o(LE 0) = (o(L'5 ) (1)) = (L% (p0)) =L 7¥ (o). (213)
(viii): By Definition 2.1, Lemma 2.3(iii), and (vi), we get
(L39) () = (19 6) () = (L' 9") (/0) = (L747 (90))") = L7% (910),
(2.14)
which completes the proof. 0O

Proposition 2.11 Let L € B(H,G), let g: G — ]—o0,+0o0] be a proper function such that
camg # &, let v € |0, 400, and set & = Zg — 24 o L*. Then the following hold:
M) Lég=L"B (g + /7).
(i) Leg=(g*+~®)* oL
(iii) dom(L & g) = L*(dom g**).
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(iv) Suppose that one of the following are satisfied:
(@ 0< ||| <1
(b) domg** =G.
Then dom(L . g) =H.
W) ng > 7(g*) o L.
Proof. By Lemma 2.2(v), g* € T'y(G). Therefore, Lemma 2.5(vi) implies that dom %(g*) =g
1
and that 7(¢*) € I'0(G).
(1): Let € H. Because dom %(g*) —ranL = @G, it follows from Definition 2.1 and items
(iii) and (i) in Lemma 2.6 that

(L3 g)(z) = ((%(g*) o L)* - %%L) ()

— (L* B> (i(g*))*>(x) — %QH(JZ)

— (2 (5 +120) )@ - L 2u)

:gﬁﬁfm»+§%@0—§ﬂmm

= min (5 (s) + = 26(s) — ~2u(L"y)
L*y=z

= min (57 () + 220). (2.15)
L*y=x

(ii): By Definition 2.1, (i), and Lemmas 2.2(iii) and 2.6(ii),
Lig=(L'"% ¢) = (2B (9 + 1®)) = (1 e (" +49)) = (9" +7®) o L. (2.16)

(iii): Since dom® = G, [2, Proposition 12.36(i)] and (i) imply that dom(L 3 g) =
L*(dom(g"™* + ®/)) = L*(dom g**),

(iv): By Lemma 2.8, ® € I'4(G). Because dom® = G, the identity (y®)* = &*/~ and
[2, Proposition 15.2] imply that

(g" + 7<I>)* =g 0(®)" =g 0 (2" /7). (2.17)

On the other hand, we have (1 — ||L||*)2g < ®. Hence, in view of property (iv)(a) and
Lemma 2.2(ii), we have ®* < 25 /(1 — ||L||?), which yields dom ®* = G. We thus deduce from
(2.17) that dom(g* + y®)* = dom ¢** + dom ®* = G and obtain the assertion via (ii).
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(v): Since ® < Zg, g* +vP < ¢g* + 7Zg. In turn, Lemmas 2.5(viii) and 2.2(ii), and (ii)
imply that
Wg")oL=(g"+725)" 0 L< (¢"+7®) o L=Leg, (2.18)

which completes the proof. 0O

Remark 2.12 Suppose that L € B (H,G) satisfies || L|| = 1, set & = Zg — 2y o L*, and set
A =1dg — Lo L*. Then A is monotone and self-adjoint, ®: y > (y| Ay);/2, and Lemma 2.9
shows that dom ®* = ran A under the assumption that ran A is closed. In this case, arguing as
in (2.17) and using Proposition 2.11(ii), we obtain dom(L . g) = L™'(dom g** 4 ran A).

Proposition 2.13 Let L € B (H,G) be such that ran L is closed and ker L = {0}, let g: G —
|—00, 00| be a proper function such that camg # &, and let v € ]0,+oo[. Then the following
hold:

(i) Suppose that g** is coercive. Then L . g 1s coercive.

(ii) Suppose that g** is supercoercive. Then L . g 1s supercoercive.

Proof. It follows from [2, Fact 2.26] that there exists « € ]0, +oo[ such that ||L - ||g = o - ||u-
Thus, ||Lz||g — +o0 as ||z|[x — +oo. On the other hand, combining Lemmas 2.2(v) and
2.5(ii), we obtain ¢g** € I'g(G).

(i): By [2, Corollary 14.18(i)], "(¢**) is coercive. Therefore, Proposition 2.11(v) implies
that (L ¢ g)(z) > ((g™))(Lz) — +o0 as ||z||z — +oo.

(ii): By [2, Corollary 14.18(ii)], "(¢**) is supercoercive. Hence, Proposition 2.11(v) yields

(Leg)@) _ Mg™)(La) _ (g™)(La)

Il = =l T lIL2llg

— 400 as ||lz|ly — +oo, (2.19)

which concludes the proof. O
The next proposition studies the effect of quadratic perturbations and translations.

Proposition 2.14 Let L € B (H,G), g € T'0(G), o € R, v € ]0,+00], p € [0,400[, and u € H.
Given w € G, set 7, g: y — g(y — w). Then the following hold:
(i) Set B =/(1+ py). Then L (g + p2g + (| Lu)g + a) = (LS g)+ p2s + (-] uhyy + v
(i) Lo (rrug+a)=1uLeg)+a
Proof. (i): Let v € H, set h = g + pZg + (-| Lu)g + a, and set & = Zg — Dy, o L*. Since
g € T'9(G) and p > 0, we have h € I'4(G). In turn, Lemma 2.5(ii) yields h* € I'y(G), h** = h,
and g** = g. Therefore, it follows from Proposition 2.11(i) that

. 1
(L 3 h)(z) = Lr%lélx (h(y) + ;<I>(y)>
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o)+ p26(6) + | Lu)g + -+ ()

(

= min (g(y) +p®(y) + p2u (L y) + (L7y [u)y, + %‘I’(y)> +a
(9660 + (p+2) 2w) + p2u(a) + (| wp + o
(

9) + 58(y)) + p2u(@) + (| u)y + a

= (L59)(@) + p2u(e) + (¢ |uhy +a. (2.20)

(ii): Set h = 77, g+«. We recall from [2, Proposition 13.23(iii)] that h* = g* + (- | Lu>g —a.
Hence, using Definition 2.1 and (i), we get

Leh= <L1</>V (9% + (-| Lu)g —oz))*
= (' ") + (1uhy— )’

=7u(L 1</>7 g*)* +a

= 7u(Leg) +a, (2.21)
as claimed. 0O

2.2.3.2 Convex-analytical properties

We first study the convexity, Legendre conjugacy, and differentiability properties of proximal
compositions. We then turn our attention to the evaluation of their proximity operators, sub-
differentials, Moreau envelopes, recession functions, and perspective functions.

Proposition 2.15 Suppose that 0 # L € B (H,G), let g: G — |—00, +00] be a proper function
such that cam g # &, let y € |0, +o0], and let a € [—1/~, +0o0[. Suppose that g** — a2g is convex
and set 3 = (a +1/7)/||L||*> — 1/7. Then Ldg— B2y € To(H).

Proof. By Lemma 2.2(v), g* € I'g(G). Thus, Lemma 2.5(vi) implies that %(g*) oL € T'y(H).
In turn, Lemma 2.5(ii) and Definition 2.1 yield L ¢ g + 23, /v = (%(g*) o L)* € T'g(H). Since
(=B — 1/v)24 is continuous with domain G, by [2, Lemma 1.27], ng — B9y = L3 g+
D4/ + (=B — 1/v)2y is proper and lower semicontinuous. It remains to show that L $g—
2y, is convex. Let x € H, set v = |L||>?2g — 24 o L*, and set & = Qg — 24 o L*. By

20



Proposition 2.11(i),

(L39)() - 52u(e) = min (5" () + 20()) - #2u(z)
L*y=z
= r;lelg (g**(y) + %q)(y) - 5°@H(L*y))
L*y=z
- (67 0) + 2260) - 7 (0 + =) 2u(Lw)
- Lr%ii((g**@) —a2(0) + (8+ ) ). 2.22)

Since Vi = ||L|’ldg — L o L*, for every y € G, (V¥ (y)|y)g = ILIPIylIG — IIL*ylF, > 0.
Therefore, we infer from [2, Proposition 17.7] that ¢ is convex. Further, since oo + 1/y >
0, (8 + 1/v)y is convex with domain G. By assumption, ¢** — a2g € T'o(G). Hence, the
function (¢** — a2g) + (8 + 1/~v)v is proper and convex. Altogether, in view of (2.22) and
[2, Proposition 12.36(ii)], we conclude that L 3 g — B2y is convex. O

Proposition 2.16 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let g: G — ]—00, +0o0] be a
proper function such that cam g # @, and let v € ]0, 4+o00[. Then the following hold:
(i) LdgeTo(H)and L+g e Ty(H).

Gi) (L3g) =15 ¢
Gii) L3g= (L '8 gy

Proof. Recall that Lemmas 2.2(v) and 2.5(i) assert that ¢g* € I'g(G) and cam ¢g* # &.

(): Lemma 2.5(ii) yields g** € T'o(G). Now set 3 = (1/||L||*> — 1)/. Then 8 > 0 and,
by applying Proposition 2.15 with o = 0, we see that L 3 g — B2y € T'o(H) and hence that
L g € T'o(H). Likewise, applying Proposition 2.15 with & = 0 to g* € I'o(G) and using
Lemma 2.2(iii) we get L 1</>A/ g* € T'o(H). In view of Definition 2.1 and Lemma 2.5(ii), we
conclude that L ¢ g € Lo(H).

1
(ii): We derive from Definition 2.1, (i), and Lemma 2.5(ii) that (L . 9)" = (L </>PY g ) =
1
L </>V g*.

1
(iii): By Proposition 2.10(iv), (i), and Lemma 2.5(ii), (L 0 g ) =(Log*™*=Log. O

The next result examines differentiability.

Proposition 2.17 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let g: G — ]—o00, +0o0] be a
proper function such that cam g # @, and let v € ]0, 4+o00[. Then the following hold:
(i) Suppose that |L|| < 1 and set 3 = ~(1/||L||> — 1). Then L « g is differentiable with a
(1/B)-Lipschitzian gradient.
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(i) Let 0 € ]0,4+oc[, suppose that g is real-valued, convex, and differentiable with a 6-
Lipschitzian gradient, and set 3 = (1/6 + v)/|L||> — . Then L+ g is differentiable with a
(1/B)-Lipschitzian gradient.

Proof. We recall that a continuous convex function f: H — R is differentiable with a (1/0)-
Lipschitzian gradient if and only if f* — 524 is convex [2, Theorem 18.15]. Further, by
Proposition 2.16(ii), (L . g9 =1L 1</>V g*.

(i): By Proposition 2.11(iv) (a), dom(LZg) = H. Now set a = 0. Since oo > —~, we deduce
from Proposition 2.15 that L 1</>V g* — B2y is convex, i.e., that (L . 9)* — 2y is convex.

(ii): Since g € T'y(G), Lemma 2.5(ii) yields dom ¢** = dom g = §. Thus, it results from
Proposition 2.11(iv) (b) that dom(L . g) = H. Now set a = 1/6. Since g* — aZ2gis convex and
a > —, Proposition 2.15 implies that (L . 9) =2y =1L 1</>’Y g* — 2y is convex. 0O
Remark 2.18 Proposition 2.17(i) guarantees the smoothness of the proximal cocomposition
when 0 < ||L|| < 1. Proposition 2.17(ii) shows that the Lipschitz constant of the gradient of
the cocomposition is improved when the original function is itself smooth.

The following proposition motivates calling L 3 g a proximal composition.

Proposition 2.19 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let g: G — |—00,+o0] be a
proper function such that cam g # @, and let v € |0, +oco[. Then the following hold:

@) PIOX 13y = L* 0 prox. . oL.

(ii) PIOX_ 13y = Idy — L* o (Idg — prox_ ,..) o L.

Proof. As previously noted, g* € I'y(G) and ¢g** € I'y(G).
(i): It follows from Proposition 2.10(v) and Definition 2.1 that

*

Py +7(L3g) = 2y + Lo (vg) = (1((79)*) o L) (2.23)

Since Proposition 2.16(i) yields L 3 g € To(H), we deduce from [2, Corollary 16.48(iii)],
(2.23), and items (iii) and (vii) in Lemma 2.5 that

Idy +79(Lég) = 8(QH +’Y(L2>g))

_ (V(l(('yg)*) 0 L))

—1
— <L* o (Idg - prox(,yg)*) o L) . (2.29)

-1

Hence, by [2, Proposition 16.44] and Lemma 2.5(iv),

v — * *
proxﬁ/(ng) = (Idy +79(Log) ' =L*o ProX g« oL = L* o prox, .. oL. (2.25)
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(ii): By Proposition 2.10(vii) and Definition 2.1, (L . g =L . (vg) = (L 5 (vg)*)*.
Therefore, Proposition 2.16(i) and Lemma 2.5(ii) entail that (y(L . 9) =1L 5 (vg)*. In turn,
we deduce from Lemma 2.5(iv) and (i) that proxy( Lig) = Idy — proxLé(fyg)* =1Idy — L* o

’Yg**) oL. O

Our next result concerns the subdifferential of proximal compositions. We recall that the
parallel composition of A: H — 2" by L € B(H,G)is LD> A = (Lo A=t o L*)~! [2, Sec-
tion 25.6].

(Idg — prox

Proposition 2.20 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let g: G — ]—00, +0o0] be a
proper function such that cam g # @, and let v € ]0, 4+o00[. Then the following hold:

() A(LSg) = L* D> (3g* + (dg — Lo L*) /).

(i) O(L+g)=L*o(dg* +~(dg — Lo L*) o L.

Proof. As seen in Proposition 2.16(i), L& g € I'o(H) and L eg e To(H). Now set & = 25 —
23,0 L* and h = g** + ®/~. We deduce from Lemmas 2.2(v), 2.5(ii), and 2.8 that g* € I'y(G),
g € Ty(G), and & € T'4(G). Therefore, since dom® = G, we have h € I'((G) and, by
Lemma 2.5(ii), h** = h. On the other hand, dom h* Nran L # @& since Propositions 2.11(ii)
and 2.16(i) yield h* o L = L 147 g* € T'9(G). Upon invoking Propositions 2.11(i) and 2.16(iii),
we get

Leh=rdg= (0" g) =(oL) (2.26)

Therefore, [2, Proposition 16.42], Lemma 2.5(iii), and [2, Corollary 16.48(iii)] imply that
O(h*oL)=L*00h*oL=L"0 (8h)_1 oL =L*o (0™ + VCI)/fy)_l oL. (2.27)
(i): Combining (2.26), Lemma 2.5(iii), and (2.27), we obtain
d(L3g) =d(h* o L)* = (3(h* o L))"
1 -1
= (L* o (0g* +V®/v) "o L)
=L"D> (09" +V®/7). (2.28)

(ii): By Definition 2.1, Lemma 2.5(iii), (i), and Lemma 2.2(iii),
a(L3g) =o(L 'Y g*)"
/v o\t
(8(L <>ﬁ/g ))

(LD (997 + Vo)) B
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— L*o (39" +7V®) ' oL, (2.29)
which completes the proof. [

Corollary 2.21 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let 5 € ]0,+o0], let v €
10, 4+00], and let g: G — R be convex and (-Lipschitzian. Then L e gis (B||L||)-Lipschitzian.

Proof. We recall that a lower semicontinuous convex function f: H — R is S-Lipschitzian if
and only if randf = domdf* C B(0; ) [2, Corollary 17.19]. Since g € I'y(G), Lemma 2.5(ii)
yields ¢* € T'4(G). We therefore invoke Proposition 2.20(ii) to get

rand(L e g) C L* (ran(ag* +7(Idg — Lo L*))_l)
= L*(dom (9" +y(1dg — Lo L*)) )
= L*(dom dg*)
C L*(B(0;8))
< B(0; B|IL]), (2.30)

where Leg: H — |—00, 4+00] is a real-valued lower semicontinuous convex function by Propo-
sitions 2.11(iv)(b) and 2.16(). O

Let us now evaluate Moreau envelopes of proximal cocompositions.

Proposition 2.22 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let g: G — |—00,+o0] be a
proper function such that cam g # &, let v € |0, +oc[, and let p € ]0,+oco[. Then the following
hold:

Q) /(L7 g) = L3 (7).
(i) "(Leg) ="(¢g**)oL.

1
Proof. By Lemma 2.2(v) and Proposition 2.16(i), L </>7 g* € T'o(H). Therefore, Lemma 2.5 (viii)
and Definition 2.1 yield

(L5 9) 4 p2u) =2((L6 7)) =#(L3 ). 2.31)

(i): We combine Definition 2.1, Lemma 2.6(i), Proposition 2.14(i), and (2.31) to arrive at
1/“/ £\ ¥
Le(7g) = (L ¢ (%))
Uy, *
= (L o (g* + pQg))

_ <(L 1/('<y>+p) g*) n pQH)*
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= (L7 g). (2.32)

(ii): Since g* € T'y(G), items (ii) and (vi) in Lemma 2.5 imply that 7(¢**) € I'¢o(G) and that
dom 7(¢**) = G. Hence, "(¢**) o L € I'y(H) and it follows from Lemma 2.5(ii), Definition 2.1,
and (2.31) that

(o) er= () or) = (179 9) +72) = (030, (2.33)

as announced. 0O

Corollary 2.23 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let g: G — |—00, +0]
be a proper function such that camg # &, and let v € ]0,4o0[. Then Argmin(L L+ g9) =
Argmin(?(¢**) o L).

Proof. Since the set of minimizers of a function in I'y(#) coincides with that of its Moreau
envelope [2, Propositions 17.5], the assertion follows from Proposition 2.22(ii). O

Corollary 2.24 Let K be a real Hilbert space, suppose that L € B (H,G) and S € B(K,H)
satisfy ||L|| < 1, ||S|| < L and Lo S # 0, let g: G — |]—00, +00] be a proper function such that
camg # &, and let v € |0, +oc[. Then the following hold:

() Se(Leg)=(LoS)+g.

(i) SS(Ldg)=(LoS)dg
Proof. (i): Set f = L + g. Since |Lo S| < |IL| ||S|| < 1, we deduce from Proposition 2.16(i)
that f € T'o(H), S ofe I'y(K), and (L o S) eg€ I'o(K). By Lemma 2.5(ii), f** = f. Hence,
Proposition 2.22(ii) yields

WS f) =) oS ="fos=("(g")oL) o5 ="((LoS)3g). (2.34)

Therefore, the assertion follows from Lemma 2.7.
(ii): By Proposition 2.16(i), L ¢ g € To(H), S (L g) € Ty(K), and (L o §) ¢ g € To(K).
Therefore, using Propositions 2.16(iii) and 2.10(ii), together with (i), we get

$(Ldg) = (S (L<>g>

Lo s) g, (2.35)

which completes the proof. 0O
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Proposition 2.25 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let g: G — ]—00, +0o0] be a
proper function such that cam g # &, and let y € |0, +o0o[. Then

rec(L . g) = (rec(g™)) o L. (2.36)

Proof. By Lemmas 2.2(v) and 2.5(ii), g* € I'g(G) and ¢** € T'y(G). Therefore, Lemma 2.5(v),
Propositions 2.16(ii) and 2.11(iii), and Lemma 2.2(iii) imply that

rec(L . g9) = @ dom(L3g)"

O’dom(Llé'yg*)

- UL*(domg***) == Udomg* (¢] L

= (rec(g™)) o L, (2.37)
as claimed. 0O

Proposition 2.26 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let g € T'(G), let

ng(y/n),  if n>0;
§: GOR = ]—00,+0od]: (y,n) = { (recg)(y), if n=0; (2.38)

+ 00, otherwise

be its perspective, let v € 10, +oc], and set L: H®R — G B R: (z,€) — (L, £). Then

(L95)@e, i ¢>0
Legi H®R —]|—o00,+00]: (z,8) — (recg) (La), if ¢=0; (2.39)

00, otherwise.

Proof. Let (z,£) € H®R, set & = g — 25,0 L*, and set U = Dgar — Zyer o L *. We consider
two cases.
* ¢ = 0: It follows from Proposition 2.25 and Lemma 2.5(i)-(ii) that (ng)(:n,O) =
(rec(L ¢ 9))(x)= (recg)(La).
&> 0:Set C = {(y,n) e GBR | n+g*(y*) <0}. Then [8, Items (ii) and (iv) in
Proposition 2.3] assert that g € I'o(G @ R) and (g)* = «¢. Therefore, by Lemma 2.3(ii),

(Vy* € G) sup(né— () (y*,n) = sup(n¢ — e (y*,n))
neR neR

= sup n§
n€]—00,—g*(y*)]
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= —¢9"(y")
= —(&9(-/9)" (y"). (2.40)

On the other hand, for every n € R, ¥(-,7) = ® and, since 0 < ||L|| < 1, we have 0 <
HEH < 1. Hence, appealing to Proposition 2.11(ii), (2.40), and Proposition 2.10(vii)—
(viii),

(Z99)@o= (@) +&v) (Lw)

= (@) + &) (La,€)
= sup  (((La, &) [ (") gar — (@) (W™, m) — EY¥(y",n))

(y*,m)eGeR
= sup  (n€+(Lalyt)g — (@) (") — 12(y"))
(y*,m)eGaeR
= sup (<Lﬂc [y")g — €v®(y") + sup(n¢ — (5)*(31*,77)))
y*eg neR
= ;@((st [y")g — EvR(y") — (€9(:-/€))"(v))
= ((eg/9))" + 12) (L)
= (L9 (¢9(/9)) ) @)
= &(L s g)(@/€)
— (Lig)(m,f) (2.41)

We have thus proved (2.39). 0O

2.2.3.3 Comparison with standard compositions and infimal postcompositions

As mentioned in Section 2.2.1, our discussion involves several ways to compose a function
defined on G with a linear operator from # to G in order to obtain a function defined on #: the
standard composition (2.3), the infimal postcomposition (2.4), and the proximal composition
and cocomposition of Definition 2.1. We saw in Proposition 2.19 that a numerical advantage of
the proximal compositions is that their proximity operators are easily decomposable in terms
of that of the underlying function. Our purpose here is to compare these various compositions.

Example 2.27 Let

{L: R2 — R5: (£1,&) (0.5, —0.561, —0.562,0.3¢1 + 0.465,0.1€; — 0.362) (2.42)

g: R> = R: (1,m2,m3,74,m5) — | (01, m2,m3) |11 + || (4 — 1,5 + 2)].

Figure 2.1 shows the graphs of both the standard composition and proximal cocomposition
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& -5 & & -5 &

(a) Graph of Lloog. (b) Graph of Lig.

& -5 & & -5 &

(c) Graph of Lig. (d) Graph of go L.

Figure 2.1 Graphs of the proximal cocomposition and of the standard composition in Example 2.27.

28



(c) Graph of Lig. (d) Graph of g o L.

Figure 2.2 Graphs of the proximal cocomposition and of the standard composition in Example 2.28.
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for various values of ~.

Example 2.28 Let C' = B(0;2) and

L:R2 5 R3: (&1,6) > (0.76 + 0.162, 0.3 + 0.4€2,0.5¢1 — 0.36) (2.43)

g: R3 = R: (n1,m2,m3) = do(m,n2,13).

Figure 2.2 shows the graphs of both the standard composition and proximal cocomposition
for various values of ~.

As we now show, the pointwise orderings suggested by Figures 2.1 and 2.2 are generally
true.

Proposition 2.29 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let g: G — |—00, 0] be a
proper function such that cam g # @, and let v € ]0, +oco[. Then the following hold:

M L'D>g~ <Ly

(i) "(g**)oL<Leg<g™ol

(i) Leg<L3g.

(iv) Suppose that L is an isometry. Then L g g=1L . g.

(v) Suppose that L is a coisometry. Then L 3 g=L*"Pg*and L . g=g*olL.

(vi) Suppose that L is invertible with L= = L*. Then L g g=L"Dg*=g*oL=1L . g.

Proof. Set ® = 23 — 23, o L* and observe that 0 < ¢ < ;.
(i): Let € H. By Proposition 2.11(i),

1
(L3g)(x) = Lr;eig (9**(@/) + ;<I>(y)> > Légg 9% (y) = (L* > g*™) (2). (2.44)
y=x y=x

(ii): The leftmost inequality is established in Proposition 2.11(v). Let us prove rightmost

inequality. By Lemma 2.2(ii) and (i), (L 1</>V g )" < (L* D> ¢g*"*)*. It therefore follows from
Definition 2.1 and Lemmas 2.2(iii) and 2.6(ii) that

1 *
Lig= (L8 g) <Dy =g oL (2.45)

(iii): Set f = 1(g**) oL.Since |[L]| <1, Zgo L < 24, and we deduce from Lemma 2.2(ii)
that (24— f)* < (ZgoL—f)*. However, it results from Lemma 2.5(iv) that 2goL— f = (Zg—
Y(g**)) o L = Yg*) o L. Altogether, it follows from Definition 2.1 and [2, Proposition 13.29]
that

Leg=(f"~20) = (2u— )"~ 2u<(Ng)oL) —2u=Loy. (2.46)
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Hence, by Proposition 2.10(vii), (2.46), and Proposition 2.10(v), we get

Leg= 1(Li(’yg)) <

S (Lo(vg)) =L3g. (2.47)

2=

(iv): Here 24 = Zg o L and therefore the inequalities in the proof of (iii) can be replaced
with equalities.

(v): Here Qg = 23, o L* and thus ® = 0. Therefore, the result follows from Proposi-
tion 2.11(i)—(ii).

(vi): A consequence of (iv) and (v). O

Remark 2.30 Suppose that L € B (H,G) is an isometry, let g: G — ]—o00, +00] be a proper
function such that camg # &, and let v € ]0,+o00[. Then we recover from [2, Proposi-
tion 13.24(v)] as well as items (i), (iv), and (ii) in Proposition 2.29 the inequalities

(g*oL)*gL*Dg**ngg:nggg**oL, (2.48)

which appear in [9, Proposition 5.4] in the special case in which v = 1.

Remark 2.31 Suppose that L € B (H,G) is a coisometry, let g: G — ]—o0, +o0] be a proper
function such that camg # @, and let v € ]0,+oc[. Then Propositions 2.29(v) and 2.22(ii)
imply that

((g™)o L) ="(L . g) ="(g"*)o L. (2.49)

In particular, when g € T'y(G), we recover the fact that 7(go L) = "go L (see [21, Lemma 3]).

Proposition 2.32 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let g: G — ]—00, +0o0] be a
proper function such that camg # @, let v € |0,4+o0], let x € H, and set & = Dg — 24, o L*.
Then the following hold:

(i) Suppose that y* € dg(Lx). Then 0 < g(Lx) — (L . 9)(z) < yP(y*).

(ii) Suppose that 0 € (Idg — L o L*)(dg(Lx)). Then (L« g)(z) = g(Lz).
Proof. (i): By [2, Proposition 16.10], g(Lz)+g*(y*) = (Lx | y*)g. Further, [2, Proposition 16.5]
yields ¢**(Lx) = g(Lx) € R. Therefore, we deduce from Propositions 2.29(ii) and 2.11(ii) that
(L+ g)(z) € R and that

g(Lz) — (L + g)(x)
= g(Lz) — (¢* +v®)"(Lz)
g

(L) - zlellg(@x ly)g — 9" (y) —12(y))

=72y, (2:50)
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(ii): There exists y* € dg(Lz) such that L(L*y*) = y*. Therefore, ®(y*) = 0 and the
conclusion follows from (i). 0O

Proposition 2.33 Suppose that L € B (H,G) satisfies 0 < ||[L|| < 1, let 5 € |0,+o0[, let v €
10, +oc[, and let g: G — R be convex and [3-Lipschitzian. Then the following hold:

() 0<goL—Leg<qB%/2
(i) LD g* < L6 g" < (L D> g*) + 462/2
(iii) Let z € H. Then || prox. ., = — proxﬂy(ng) z|| < vpB.

Proof. We recall that a lower semicontinuous convex function f: H — R is S-Lipschitzian if
and only if randf = dom df* C B(0;3) [2, Corollary 17.19]. Moreover, since dom g = G, we
have dom dg = G [2, Proposition 16.27].

(i): Let z € H and set & = Qg — 2y o L*. Since domdg = G, there exists y* €
Og(Lz) C randg C B(0;8). Thus, ®(y*) < 2g(y*) < B?/2 and the result follows from
Proposition 2.32(i).

(ii): The leftmost inequality follows from Proposition 2.29(i) and Lemma 2.2(iii). On
the other hand, Proposition 2.16(i) implies that L 1</>7 g* € To(H). Additionally, in view of
Lemma 2.2(ii) and (i), (ng)* < (goL—~/3?/2)*. Finally, we deduce from Proposition 2.16(ii)
and [2, Proposition 13.24(v)] that

2 2 2
LS g = (L3g) < <goL 75) (goL)*—F%S(L*Dg*)—i—%. (2.51)

(ii): Set ¥ = Idg — Lo L*, p, = PIOX [,y (1g) T> and p = prox
IL] <1

~gor, T- We note that, since

U is monotone and || V|| < 1. (2.52)

Next, we deduce from [2, Proposition 16.44] and Proposition 2.20(ii) that there exists y, €
(0(vg)* + ¥)~!(Lp,) such that L*y, = = — p,. Thus, y, € v9g(Lp, — Py,). On the other
hand, by [2, Proposition 16.44 and Corollary 16.53(i)], there exists y € v0g(Lp) such that
L*y = x — p. Therefore, the monotonicity of v0g [2, Theorem 20.25] entails that

(Lpy = Vyy) — Lp|yy —y)g =2 0 (2.53)

However, by (2.52), the Cauchy-Schwarz inequality, and the fact that {y,,y} C yrandg C
B(0;~5) we derive that

(Lpy = Yy,) = Lplyy —y)g =20 (0y =2 L*(Yy —¥)) gy — (Yyy lyy —y)g =0
& lp =yl < Yy [y)g — (Tyy | 91)g
2
H

< (
< (Tyy 1y)g

= |lp = p4/l
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8. (2.54)

Since, in view of Proposition 2.10(vii), proxﬁy (%

%) x = p, the proof is complete. [

Example 2.34 Let L € B (H,G), let g € T'4(G), let v € ]0,4+00[, and let p € |0, +o0[. Suppose
that L o L* = pldg. Then the following hold:

(i) Seth =g(/p-)and S =L/\/p. ThengoL =S o h.

(i) prox,,.; =Idy + p~'L* o (prox,,, —Idg) o L.

Proof. (i): Since Lo L* = pldg, S is a coisometry, and we deduce from Proposition 2.29(v) and
Lemma 2.5(ii) that S eh=hoS = go L.
(ii): This follows from (i) and Proposition 2.19(ii) (see also [2, Proposition 24.14]). O

Example 2.35 Let V' be a closed vector subspace of H and « € ]0,+oco[. Then the following
hold:

. .7
@ projy ol [l =w + -]
. . .
(i) projy «| | = I - [l o projy,.

Proof. Set & = 23, — 24, o projy, and let z € H.

(i): It follows from Proposition 2.11(i), Lemma 2.5(ii), and the identity ® = 2y, o proj; .
that

: : 1 Jzll, if zeV
(profv &1 1) o) = inf (Il + glle ol ) = | = w (@) + o]l
yer v +oo, if 2 ¢V
projy y=
(2.55)
(ii): We recall that || - ||(x) = {z/||z|} if = # 0 and that 9| - ||(0) = B(0;1) [2, Exam-

ple 16.32]. Hence,

{projy - (projy =/[ projy =)}, if projy z # 0;

projy .+ (9| - [[(projy z)) =
vl vo) projy-. (B(0;1)), if projyz=0

{0} if ©¢V*
projy . (B(0;1)), if € V*

> 0. (2.56)

However, Id — projy, o projy, = projy .. Therefore, in view of Proposition 2.32(ii), this confirms

. .
that projy ¢ || - || = || - [| o projy. O
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Remark 2.36 In contrast with Proposition 2.29(v), Example 2.35(ii) shows an instance in
which the proximal cocomposition coincides with the standard composition for a linear oper-

ator which is not a coisometry.

2.2.3.4 Asymptotic properties

We investigate the asymptotic properties of the families (Lg 9)~e]o,+00] @and (Lz 9)~€]0,400] 8 Y
varies. These results provide further connections between the compositions (2.3), (2.4), and
the proximal compositions of Definition 2.1.

Proposition 2.37 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1 and let g: G — |—00, +0]
be a proper function such that cam g # @. Suppose that x € L~!(dom ¢g**) and set, for every

v €10, 400], £, = prox x. Then

Y(Leg)

lim (L o 9)(ay) = g™ (Lx). (2.57)

Proof. We first observe that, by virtue of Proposition 2.16(i), (z),ej0,4+o0 1S Well defined.
Appealing to Proposition 2.22(ii), we get
1
(Leg)(zy) + ;,@H(x — ;) =(Leg)(x) ="(¢")(Lx). (2.58)

On the other hand, by Proposition 2.19(ii),

1 1 1
;,@H(w —Ty) = ;,@H (L* (L — proxw**(Lw))) < ;HL”{@g (Lz — prox.,..(Lx)). (2.59)

Therefore, since Lz € dom ¢g**, [2, Proposition 12.33(iii)] implies that v~! 2y (x — xy) — 0 as
~ — 0. Finally, by (2.58) and [2, Proposition 12.33(ii)],

oiivn—lm(L ‘ 9) () = 0<livrgo "(g™) (La) = (g7) (L), (2.60)

as claimed. 0O

Theorem 2.38 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let g: G — |—00,+0] be a
proper function such that cam g # @, and let x € H. Then the following hold:
(i) The function ]0, +o00[ — |—00, +00]: v+ (L 3 g)(x) is decreasing.
(ii) The function ]0, +oco[ — |]—00, +00]: v+ (L . g)(x) is decreasing.
ees . v * Kk
(i) lim (Log)(z) = (LD g™)(@)-
. . Y skk
(i) Lim (Leg)(z)=g"(La).

(v) Suppose that |L|| < 1. Then lim (ng)(m) = inf ¢**(y).
y—-+oo yeg
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(vi) Suppose that |L|| = 1 and that V = ran(Idg — L o L*) is closed. Then lim (L . 9)(z) =

y——+o0
inf g™ (y).
e g7 ()

Proof. Set ® = 2g — 2y, 0 L*.
(i): Fix 71 € ]0,4o00[ and ~, € |0, +oo[ such that 71 < ~,. Then we deduce from Proposi-
tion 2.11(i) that

LEg=L"B (¢* +®/%) < LB (¢* +0/71)=L5 g (2.61)
oy e . L/m 1/v2
(ii): Fix v4 € ]0,4o00[ and 2 € |0,+o0[ such that 94 < 72. By (), L © ¢* < L o g¢*.
Therefore, appealing to Definition 2.1 and Lemma 2.2(ii), we get
LS g= (L 1/<;Y2 g*)* < (L 1/<;Y1 g*)* =L g. (2.62)
(iii): Since ® > 0, it follows from (i) and Proposition 2.11(i) that
1
lim (L3 = inf (L*B (g™ +-@
’Y—E{loo( Og) (:E) 'yE]IOI—,l-i-oo[( > <g + y )> (l‘)
1
= inf inf (g™ —d
WE]O’W[( inf (g (y) + 5 (y)))
L*y=x
— inf [ inf (g**(y) + l<1>(y))
y€G \ v€]0,4o00] y
L*y=x
= inf ¢**
inf g7 (y)
L*y=x
= (L">g™)(x). (2.63)

(iv): By [2, Proposition 12.33(ii)], ?(g**) — ¢** as 0 < v — 0. The claim therefore follows
from Proposition 2.29(ii).

(v)—(vi): As in the proof of Proposition 2.11(iv), (¢* +~v®)* = ¢**0O(P*/v). Thus, it follows
from Proposition 2.11(ii) that

Leg= <g** O (<I>*/'y)> oL. (2.64)

Moreover, since ¢ < 2, Lemma 2.2(ii) yields 2¢ < ®*. Altogether, using (ii) and (2.64), we
obtain

. v . P .
lim (Leg)(z)= inf <g ny)(L)

y—+oo ~v€]0,+00]
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—  inf <inf (g**(y) + %@*(Lx - y)>>

~v€]0,4+00[ \¥€G
1
—  inf inf (g** —o*(La —
yELml—rilomé* <—ye}1()1:1+oo[(g (y) + y ( v y))>
_ inf B ) 2.65
yELxl—I}iom{Y‘ g (y) ( )
We set A = Idg — L o L* and observe that ®: y + (y | Ay)/2. In case (v), since || L] < 1, A is
invertible and Lemma 2.9 asserts that dom ®* = ran A = G in (2.65). Finally, case (vi) follows
from Lemma 2.9 and (2.65). O

Corollary 2.39 Suppose that L € B (H,G) is an isometry, let g € TI'o(G), and let € H. Then
the following hold:

() lLm (Lég)(z) = (L*D> g)(x).
yY——+00

. . o
(i) lim (L ¢g)(x) = g(Lz)
Proof. By Proposition 2.29(iv), L . g=1L 3 g, Whereas Lemma 2.5(ii) yields ¢** = g.
(i): A consequence of Theorem 2.38(iii).
(ii): A consequence of Theorem 2.38(iv). 0O

Example 2.40 Let V' # {0} be a closed vector subspace of G, let g € I'4(G), and let z € G.
Then

. L .

wll)r—il:loo (projy * g) (z) = ngl/fl g(z +v). (2.66)

Proof. Since || projy, || = 1 and ran(Idg —projy, o proj;;) = V4, it follows from Theorem 2.38(vi)
and Lemma 2.5(ii) that

lim (projy + = inf = inf = inf + ), 2.67

Jm (projy ¢g)(z) = inf  g(y)= inf gs)= inf g(z+v) (2.67)

as announced. O

We now turn our attention to epi-convergence. As discussed in [1], this notion plays a
central role in the approximation of variational problems. It will allow us to connect asymp-
totically the proximal composition to the infimal postcomposition, and the proximal cocom-
position to the standard composition as  evolves.

Definition 2.41 ([1, Chapter 1], [17, Chapter 7]) Suppose that # is finite-dimensional,
and let (f,)nen and f be functions from H to [—oo, +0o0]. We say that (f,,)nen epi-converges
to f, in symbols f, — f, if the following hold for every = € H:

(i) For every sequence (x,)nen in H such that z, — =z, f(z) < lim f,,(z,).

(ii) There exists a sequence (z,,),en in H such that z,, — 2 and lim £, (z,) < f(z).
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The epi-topology is the topology induced by epi-convergence.

Lemma 2.42 Suppose that H and G are finite-dimensional, let (L,,)nen and L be operators in
B (H,G), let (gn)nen and g be functions in I'g(G), and let (v, )nen and ~y be reals in )0, +o0].
Suppose that L,, — L, g — g, and ~,, — ~. Then the following hold:
@ Yngn 9.
(i) g5 = g".
(iii) Suppose that h: G — R is continuous. Then g, + Y,h = g + vh.
(iv) Suppose that 0 € int(dom g — ran L). Then g, o L,, < go L.

Proof. (i): [17, Exercise 7.8(d)].

(ii): [17, Theorem 11.34].

(iii): It follows from (i) and [17, Exercise 7.8(a)] that g, /v, + h N g/~ + h. Invoking (i)
once more, we obtain g, + vuh = Yn(gn/vn + h) = v(g/y + h) = g + vh.

(iv): [17, Exercise 7.47(a)]. O

Theorem 2.43 Suppose that H and G are finite-dimensional, let (Ly),en and L be operators
in B (H,G), let (gn)nen and g be functions in I'g(G), and let (v,)nen and v be reals in ]0, 4o00].
Then the following hold:
(i) Suppose that L, — L, g,, — ¢, and ~y,, — . Then the following are satisfied:
(a) anggn 5 ng.
(b) an‘ngn i>ng.
(ii) Suppose that 0 < ||L|| < 1. Then the following are satisfied:
(a) Suppose that ~,, T +oc. Then L S g5 (L* D> g).
(b) Suppose that v, | 0. Then L's g % go L.

Proof. (i)(a): It follows from Lemmas 2.5(viii) and 2.42(ii)—(iii) that

1. 1 * e 1 * 1y
W (gr) = (gn + %,@g) N (g + ;,@g> = 3(g"). (2.68)
Since Lemmas 2.2(v) and 2.5(vi) yield dom %(g*) = G, Lemma 2.42(iv) and (2.68) imply that
1 e 1 . . . .. ..
n(gt) o L, — 7(g*) o L. Finally, appealing to Definition 2.1 and Lemma 2.42(ii)-(iii), we
conclude that

Yn . 1 ¥ * 1 e 1 " * 1 B 'Y
Ly & gp= (w (9n) oLn) — ,Y—nfzﬂ 5 (v(g ) oL) — ;QH —Ldg. (2.69)
(1) (b): By Lemma 2.42(ii), g}, 55 g*. Therefore, upon combining (i) (a) and Lemma 2.42(ii),
we obtain

Tn

L % gn=(La & ) S (L5 g) =LYy (2.70)
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(ii)(a): Set f = L*D>gand (Vvn € N) f, = L B g. It follows from items (i) and (iii) in
Theorem 2.38, as well as Lemma 2.5(ii), that (f,)nen is decreasing and pointwise convergent
to f as n — +oo. Further, since f is convex by [2, Proposition 12.36(ii)], we deduce from
[17, Proposition 7.4(c)] and [2, Corollary 9.10] that

foSinf f,=F=Ff. (2.71)

neN

(ii)(b): Set f = go L and (Yn € N) f, = L K g. Since (v, )nen is decreasing, (fn)nen
is increasing by Theorem 2.38(ii). Further, Theorem 2.38(iv) and Lemma 2.5(ii) imply that
(fn)nen converges pointwise to f as n — +oo. On the other hand, Proposition 2.16(i) implies
that (vn € N) f, = f.. Therefore, by virtue of [17, Proposition 7.4(d)],

fngsupﬁzsupfn:fa (2.72)
neN neN

which concludes the proof. O

Corollary 2.44 Suppose that H and G are finite-dimensional, let L € B (H,G), let g € Ty(G),
and let (y,)nen be a sequence in )0, +o00|. Suppose that L is an isometry and that (ridom ¢g*) N
(ran L) # @. Then the following hold:

(i) Suppose that ~y, 1 +oo. Then L S g5 L D>y
(ii) Suppose that ~,, | 0. Then L IS g golL.
(iii) For every t € [0, 1], set v, = tan(wt/2). Then the operator

gOL, lft:O,
T:[0,1] 5 To(H):t > LEg, if0<t<l (2.73)
L*Dyg, ift=1

is continuous with respect to the epi-topology.

Proof. Proposition 2.29(iv) yields (Vv € ]0, +o0[) Leg = Ldg. Further, [2, Proposition 6.19(x)]
implies that 0 € sri(dom ¢g* — ran L). Therefore, by virtue of Lemmas 2.6(iii) and 2.5(ii), we
get L*D> g e I'o(H).

(i): A consequence of Theorem 2.43(ii) (a).

(ii): See Theorem 2.43(ii) (b).

(iii): Theorem 2.43(i) (a) guarantees the epi-continuity of 7" on |0, 1. Finally, (i) and (ii)
imply that Oiitrgo T(t) =T(0) and lgtrgl T(t) =T(1), respectively. O

Remark 2.45 Suppose that # and G are finite-dimensional and that L € B (H,G) satisfies
0 < ||| €£1,let g € T9(G), and let (7, )nen be a sequence in |0, +oo[. Under a qualification
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condition (see Lemma 2.6(iii)), L* > g € I'o(H) and, consequently, L* [> g = (L* [> g). In
this case, Theorem 2.38(iii) and Theorem 2.43(ii)(a) show that the proximal composition
converges pointwise and epi-converges to the infimal postcomposition as ~, 1 +oo. On the
other hand, Theorem 2.38(iv) and Theorem 2.43(ii) (b) show that the proximal cocomposition
converges pointwise and epi-converges to the standard composition. Further, in the particular
case in which L € B (H,G) is an isometry, Corollary 2.44(iii) asserts that go L and L* [> g are
homotopic via the proximal composition with respect to the epi-topology.

Proposition 2.46 Suppose that H and G are finite-dimensional and that L € B (H,G) satisfies
0 < [|L|| <1, let g € To(G), and let (v, )nen be a sequence in ]0, +oo[ such that -, | 0. Suppose
that dom g Nran L # & and that g o L is coercive. Then the following hold:

(@) infoere(L ¥ 9)(x) = mingey g(La).

(ii) There exists N C N such that N\ N is finite and (Vn € N) Argmin(L ks g) # @. Further;

lim Argmin (L ¢ g) C Argmin(go L). (2.74)

Proof. Set f = go L and (Vn € N) f,, = L% g. Since domg Nran L # &, f € To(H). Thus,
by [2, Proposition 11.15(i)], f has a minimizer over H. Further, by Proposition 2.16(i), for
every n € N, f, € T'o(H) and, by Theorem 2.43(ii)(b), f, — f. On the other hand, [2,
Proposition 11.12] asserts that the lower level sets (lev¢ f)¢cr are bounded. Altogether, by
virtue of [17, Exercise 7.32(c)], for every { € R, there exists N¢ € N such that U@ N levee fn
is bounded.

(i)-(ii): A consequence of [17, Theorem 7.33]. O

2.2.4 Integral proximal mixtures

2.2.4.1 Definition and mathematical setting

Integral proximal mixtures were introduced in [7] as a tool to combine arbitrary families
of convex functions and linear operators in such a way that the proximity operator of the
mixture can be expressed explicitly in terms of the individual proximity operators. They ex-
tend the proximal mixtures of [9], which were designed for finite families. In this section,
we use the results of Section 2.2.3 to study their variational properties. This investigation
is carried out in the same framework as in [7], which hinges on the following assumptions.
Henceforth, we adopt the customary convention that the integral of an F-measurable function
¥: Q — [—o0, +00] is the usual Lebesgue integral [, ¥dpu, except when the Lebesgue integral
[ max{¥,0}dp is +o0, in which case [, ddu = +oo.

Assumption 2.47 Let (2, F, uu) be a complete o-finite measure space, let (G,,)wecq be a family of
real Hilbert spaces, and let [] . G, be the usual real vector space of mappings x defined on
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such that (Vw € Q) z(w) € G,. Let ((Gy)weq, ®) be an F-measurable vector field of real Hilbert
spaces, that is, & is a vector subspace of [, c, G. which satisfies the following:
[A] For every x € &, the function 2 — R: w — |[z(w)]|g_ is F-measurable.

[B] Forevery x €[], cq Gu

[(Vye®) Q= R:wr (z(w) ly(w))g,, is F-measurable] = € ®. (2.75)

[C] There exists a sequence (e, )nen in & such that (Vw € Q) span{e,(w)}nen = G-
SetHH={z€6| fQH:E(w)Héwu(dw) < 400}, and let G be the real Hilbert space of equivalence
classes of u-a.e. equal mappings in $) equipped with the scalar product

(1965 G x G = R: (2,y) = f9<x<w> |y())o_ (o), 2.76)

where we adopt the common practice of designating by x both an equivalence class in G and a

representative of it in $). We write

)
g= f Gup(dw) (2.77)
Q

and call G the Hilbert direct integral of ((G,)u,ecq,®) [13].

Assumption 2.48 Assumption 2.47 and the following are in force:
[A] His a separable real Hilbert space.

[B] Foreveryw €, L, € B(H,G,).
[C] For every x € H, the mapping ¢ x: w — Ly x lies in &.
[D] 0 < fyllLulPp(de) < 1.

Given a complete o-finite measure space (2, J, i), a separable real Hilbert space H with
Borel o-algebra By, and p € [1, +oo], we set

.,Sfp(Q,CF,u;H)

:{w:Q—>H

x is (F, By)-measurable and f [|lz(w)|If) pldw) < +oo}. (2.78)
Q

The Lebesgue integral (also known as the Bochner integral) of z € £*(Q, ¥, ;1;H) is denoted
by [, z(w)u(dw). The space of equivalence classes of p-a.e. equal mappings in £?(Q, F, u; H)
is denoted by LP(Q, F, u; H).

Assumption 2.49 Assumption 2.47 and the following are in force:
[A] Forevery w € Q, g,: G, — |—00, +00] satisfies cam g,, # <.

[B] For every x* € §), the mapping w +— Proxg. x*(w) lies in &.
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[C] There exists r € §) such that the function w + g, (r(w)) lies in Z*(Q, F, u; R).
[D] There exists 7* € $ such that the function w — g (r*(w)) lies in £(Q, F, u; R).

The following construct will also be required.

Definition 2.50 ([6, Definition 1.4]) Suppose that Assumption 2.47 is in force and, for
every w € Q, let g,: G, — [—o00,+00]. Suppose that, for every = € $), the function
Q — [—00,400]: w > g, (z(w)) is F-measurable. The Hilbert direct integral of the functions
(gw)wen relative to & is

&rd
j gup(dw): G — [—o0, +00]: x f go (z(w)) p(dw). (2.79)
Q Q

We introduce below parametrized versions of the integral proximal mixtures of [7, Defini-
tion 4.2].

Definition 2.51 Suppose that Assumptions 2.48 and 2.49 are in force, and let v € |0, +o0|.
The integral proximal mixture of (g,,)weco and (L, )weq With parameter - is

2=

M. (Lo, go)oes = b — %QH, where (¥x € H) h(x) = f () (Lu(dw),  (2.80)
Q

and the integral proximal comixture of (g, ).,cq and (L, )weco With parameter ~ is

. S . *
M—y(l—un gw)weﬂ = <M1/fy(l—wa gw)weQ) . (2.81)
2.2.4.2 Properties

The following proposition adopts the pattern of [7, Theorem 4.3] by connecting integral prox-
imal mixtures to proximal compositions in the more general context of Definitions 2.1 and
2.51.

Proposition 2.52 Suppose that Assumptions 2.48 and 2.49 are in force, and let v € |0, +o0].
Define

L:H—G:x+—ex (2.82)
and
B
! (2:83)
Q

Then the following hold:

(1) LeB(H,G)and0 < ||L]| < 1.

(i) L*: G — H:a* — [ L5 (2" (w))p(dw).
(iii) g € I'0(G).
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. © v
@iv) M’y(l—wagw)wéﬂ =1L ¢g.
) M, (Lo, 8o)wen = Lo g.

Proof. (i): We deduce from [6, Proposition 3.12(ii)] and Assumption 2.48[D] that L € B (H, G)
and that 0 < || L||? < [||Lo|/?p(dw) < 1.
(ii): See [6, Proposition 3.12(v)].
To establish (iii)—(v), set ¥: @ — R: w — —g-*(r(w)) and (Vw € Q) f, = g . Let us show
that (f,,),ecq satisfies the following:
[A]’ For every w € Q, f,, € T'9(Gy).
[B]’ For every = € §), the mapping w + prox; (r(w)) lies in &.
[CT’ The function w + f,(7*(w)) lies in Z1(Q, F, u; R).
[DI ¥ € £1(Q,F, 1;R) and, for everyw € Q, f, > (r(w) | )¢, + 9 (w).
This will confirm that (f,),cq satisfies the properties of [6, Assumption 4.6]. First, it follows
from items [A] and [C] in Assumption 2.49 and from Lemma 2.2(v) that [A]’ holds. Second,
Assumption 2.49[B] implies that [B]” holds, while Assumption 2.49[D] implies that [C]’ holds.
Let us now show that ¥ € ZY(Q, F, ; R). As in the proof of [6, Theorem 4.7(ix)], —v is F-
measurable. Further, by (2.1) and Lemma 2.2(i),

(Vw € Q) ([r"(w))g, —85(r" (W) <8l < g (2.84)

Thus, we infer from Assumption 2.49[C]-[D] that g’* is bounded by integrable functions,
which shows that
e LYY T, i R). (2.85)

On the other hand, it follows from Lemma 2.2(iii) and (2.1) that, for everyw € Q, f, = g&** >
(r(w)])g, —&u(r(w)) = (r(w)|-)g, + ¥ w), which provides [D]’. Therefore (f,)wecq satisfies
the conclusions of [6, Theorem 4.7]. In particular, [6, Theorem 4.7 (i)—(ii)] entail that

B
f= ] () (2.86)
Q
is a well-defined function in I'y(G) and from [6, Theorem 4.7(ix)] and Lemma 2.5(ii) that
g=f"€Tlo(9). (2.87)

(iii): See (2.87).
(iv): By [6, Theorem 4.7 (viii)],

1 & D 1
7 f = fﬂ Tp(dw). (2.88)
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Further, by (iii) and Lemma 2.5(ii), ¢* = f. In turn, (2.82) and (2.88) imply that

2=

1
(g )oL:H—=R: x> f (g5) (LX) p(dw). (2.89)
Q

In view of Definitions 2.1 and 2.51, the assertion is proved.

(v): Let us show that (f,).eq fulfills the properties of Assumption 2.49 by showing that
the following hold:
[A]” For everyw € Q, f,,: G, — |—o0, +0o0] satisfies camf,, # &.
[B]” For every z* € §), the mapping w — prox;. z*(w) lies in &.
[C]” The function w + f,(7*(w)) lies in Z(Q, F, u; R).
[D]” The function w > ¥ (r(w)) lies in .21 (2, F, i; R).
We first note that [A]’ and Lemma 2.5(i) imply that [A]” holds, and that [C]’<[C]”. Addition-
ally, it follows from (2.85) that [D]” holds. It remains to establish [B]”. Assumption 2.49[B]
asserts that, for every z* € §), the mapping w ~ prox; z*(w) lies in &. Therefore, the inclu-
sion ) C &, Lemma 2.5(iv), and the fact the & is a vector space imply that, for every z* € §,
the mapping w — prox. 2*(w) = z*(w) — proxy z*(w) lies in &, which provides [B]”. Hence,
we combine Definition 2.51, the application of (iv) to (f,),ecq, (2.87), Lemma 2.5(ii), and
Definition 2.1, to obtain

*

M (Lo, 80 Jwc = (l\?m(Lw,fw)%Q)* - (L K f)* - (L gy g*)* —Lig, (2.90)

which completes the proof. [
Our main results on integral proximal mixtures are the following.

Theorem 2.53 Suppose that Assumptions 2.48 and 2.49 are in force, and let y € |0, +ocl. Then
the following hold:

<&
(1) M'y(Lwagw)wGQ € FO(H)'
(ii) M’y(l—wagw)wéﬂ € PO(H)'
* <
() (My (Lo, go)wen)* = My (L, 85)wen-

o .
(iv) M’Y(Lowgw)UJEQ = (Ml/-y(l-wag:;)wefl)*'

(v) Let x € H. Then prox » X :J L) (prox. .« (Lwx dw).
P YMy (Lo 8w wen Q ® T8 (L)) plckr)
(vi) Let x € H. Then prox . X=X— f L) (Lux — prox., . (Lyx)) p(dw).
My (Lo gw)wen Q 78w

(vii) Define g as in (2.83) and L as in (2.82). Then the following are satisfied:

(8) (M, (L, 8)wen) = L* > (9g + (idg — Lo L) /)
(b) (M, (Lw,8w)wen) = L* 0 (0g* +y(Idg — Lo L) loL
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(viii) Let x € H. Then 'Y(l\’/lw(Lw,gw)weg)(x) = f (g ) (Lyx) p(dw).
Q
(i) Argmin,cy (M (Lo, g)uen) (<) = Argmin, .y fQ "(84") (L) pu(dw).

(®) Let x € H. Then (rec M. (Ly, g)weq)(x) = fg(rec(g;;*))(wa) ().

(xi) Suppose that ;v is a probability measure and that there exists § € |0,+oo| such that,

for every w € Q, g,,: G, — R is convex and p-Lipschitzian. Then M (L, gu)wen is -

Lipschitzian.

<o

M'y(l—wygw)weﬂ = ng and M’y(l—wygw)weﬂ =1L ;Y g.

Also, proceeding as in the proof of Proposition 2.52, it can be shown that

(85"),cq satisfies the properties of [6, Assumption 4.6].

Thus, by [6, Theorem 4.7(iv)],

(Vz € G) (prox,,z)(w) = Prox, .. (z(w)) for u-almost every w € Q.

(i)—(iv): These are consequences of (2.91) and Proposition 2.16.
(v): It follows from (2.91), Propositions 2.19(i) and 2.52(ii), and (2.93) that

PIOX T L*(prox.,(Lx)) = fﬂ L <proxﬁ/g;* (wa)) p(dw).
(vi): It follows from (2.91), Propositions 2.19(ii) and 2.52(ii), and (2.93) that
rOX x =x — L*(Lx — prox., (Lx
P YMy (Lus 8w )wen ( Prox, )

=x— | L5 (Lox— (L dw).
X fg w( X proxvgw( x)),u( w)

(vii): A consequence of (2.91) and Proposition 2.20.
(viii): By (2.92) and [6, Theorem 4.7 (viii)],

(]
vg = ffV(g:*)de).

(M (L gacn) 09 = (L 3.0) (0 = 0(10) = [ 7(e2) (L) ().
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Proof. Define L as in (2.82) and ¢ as in (2.83). Recall from items (i) and (iii) in Proposi-
tion 2.52that L € B(H,G),0 < || L|| < 1,and g € TI'¢o(G). Additionally, by Proposition 2.52(iv)—

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)

(2.96)

However, by Lemma 2.5(ii), g = g**. Therefore, (2.91), Proposition 2.22(ii) and (2.96) yield

(2.97)



(ix): The assertion is obtained by using successively (2.91), Corollary 2.23, and (viii).
(x): By (2.92) and [6, Theorem 4.7(x)],

& @
recg = f rec (g}’ ) p(dw) (2.98)
0

However, by Lemma 2.5(ii), ¢ = ¢**. Hence, it results from (2.91), Proposition 2.25, and
(2.98) that

<rec M, (Lo, gw)weg)(x) - (rec(L'lg))(x) = (recg)(Lx) = f (rec(g?*)) (Lux) p(dw). (2.99)

Q

(xi): It follows from (2.83), Lemma 2.5(ii), and Jensen’s inequality ([2, Proposition 9.24])
that

2
(Vz e G)(Vy€G) lg(x) —g(y)* =

(8o (#©)) — 8o (y(w)) ) u(dv)

Q

< f g (2(0) — 80 (y(w) | 1(dw)
< 52 f lo(w) — y(w) |2 p(dw)

= Bz - 12 (2.100)

Therefore, g is 5-Lipschitzian, and the conclusion follows from (2.91) and Corollary 2.21. 0O
Our second batch of results focuses on approximation properties.

Theorem 2.54 Suppose that Assumptions 2.48 and 2.49 are in force. For every x € H, define

(M(Lor)ae) () = inf{ [ g2 (o)t

€ G and fﬂ L* (2(w)) u(de) = x} (2.101)

> B>
and write (M(Ly, g,)weq)(X) = (M(Ly, 8u)wew) (X) if the infimum is attained. Then the following
hold:

S >
(1) Let v E ]O, +OO[ Then M'y( u.ngw)weﬂ M(ngw)weﬂ-
(ii) Let v € ]0,4o0] and x € H. Then

[ e ) < (W (Lrguco) 00 < [ g2 Unuta).  @102)
Q Q

* <
(111) Let’y € ]0 +OO[' Then M (Lwygw)wGQ < M“/(Lwygw)weﬂ-
(iv) Let v € ]0,+oo[ and suppose that pis a probablllty measure and that, for every w € Q, L,
is an Lsometry Then M (Lwygw)weﬂ - M“/(Lwagw)weﬂ
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(v) Let v € ]0,4+o0| and suppose that L in (2.82) is a coisometry. Then the following are

satisfied:

o B>
(a) Mfy(l—wagw)weﬂ = M(Lwagw)w€(2~
(b) Let x € H. Then (MV(Lw,gw)weQ)(X) = f g (Lyx) p(dw).
Q

(vi) Let x € H. Then the following are satisfied:

(a) ,YEIPOO(R;IV(Lwagw)wEQ)(X) = (l\lil(l—wygw)weﬂ)(x)'

) lim (M (L)) = [ 627 (Lax) (o)

(vii) Suppose that H and G are finite-dimensional, and let (y,)nen be a sequence in |0, +o0].

Then the following are satisfied:

v

S >
(a) Suppose that v, T +o00. Then M, (Ly, 8u)wen N <M(Lw,gw)weg).

(b) Suppose that v, | 0. Then I\‘/I%(Lw,gw)weg 5 f, where (Vx € H) f(x) =

f g (L) i(deo).
Q

(c) Suppose that v, | 0 and that the function x +— f g (Lwx)p(dw) is proper and
Q

coercive. Then

xeH xeH

inf(M., (Lo, g0 )uce) (x) — min fﬂ &7 (Lux) u(dw).

(2.103)

Proof. Define L as in (2.82) and ¢ as in (2.83), and recall from items (i) and (iii) of Proposi-
tion 2.52 that L € B (H,G), 0 < ||L|| < 1, and g € I'y(G). Further, by Proposition 2.52(iv)—(v),

<

M“/(Lwagw)weﬂ = ng, and M’y('—wygw)wefl =L ;Y g.

Additionally, Proposition 2.52(ii) yields

>
(eH) (Do) = inf g(r) = (M(Lusgu)uen) ().
L*x=x

On the other hand,

(Ve H) g(Ix) = fQ g (1) () (dw) = fQ g7 (Lux) (dw).

(i): The assertion follows from (2.104), (2.105), and Proposition 2.29(i).

(ii): Combine (2.104), (2.106), and Proposition 2.29(ii).
(iii): This is a consequence of (2.104) and Proposition 2.29(iii).
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(iv): We have
(e H) |Lx|? = fQIILwXH?;wM(dW) = fQHXHﬁM(dW) = u(Q)xII§ = x5 (2.107)

Therefore, L is an isometry and the assertion follows from (2.104) and Proposition 2.29(iv).
(v)(a): This follows from (2.104), (2.105), and Proposition 2.29(v).
(v)(b): This follows from (2.104), (2.106), and Proposition 2.29(v).
(vi)(a): This follows from (2.104), (2.105), and Theorem 2.38(iii).
(vi) (b): This follows from (2.104), (2.106), and Theorem 2.38(iv).
(vii) (a): This follows from (2.104), (2.105), and Theorem 2.43(ii) (a).
(vii) (b): This follows from (2.104), (2.106), and Theorem 2.43(ii) (b).
(vii) (c): This follows from (2.104), (2.106), and Proposition 2.46(i). O

Example 2.55 Let p € N \ {0}, let (oy)1<k<p be a family in |0, +oo[, let H and (G)1<k<, be
separable real Hilbert spaces, let & = G; x --- x G, be the usual Cartesian product vector
space, with generic element z = (x;)1<k<p, and, for every k € {1,...,p}, let L, € B(H,Gy)
and let g, € I'g(Gy,). Suppose that 0 < >-7_ ay||Lg||* < 1 and set

Q={1,...,p}, F=20-P and (Vke{1,...,p}) u({k}) = . (2.108)

Then ((Gg)i<k<p, ®) is an F-measurable vector field of real Hilbert spaces and the space
ijé? G, p(dw) is the weighted Hilbert direct sum of (Gy)i<k<p, namely the Hilbert space
obtained by equipping & with the scalar product (z,y) — > r_ 1k (Xk | Vi), - Further,
[0 ILwl?p(dw) = S°P_ ax|lLk||* € ]0,1]. Therefore, Assumptions 2.48 and 2.49 are satis-
fied, and (2.80) becomes a parametrized version of the proximal mixture of [9, Example 5.9],
namely,

M. (L, g )1<pep = <Zak% (g}) Lk> _ %,@H, (2.109)

k=1

while (2.81) becomes a parametrized version of the proximal comixture

M, (Li, 8k)1<k<p = <<Zak g OLk> —72.4). (2.110)

In particular, for every x € H, we derive from Theorem 2.54(vi) the following new facts:

o >
@ tim (M (L giiersy) (9 = (M(Ligi)icrey ) () = . <Z g (ve) >

y1€G17 7yp
Zk 1akLkYk X

() lim (M (L. g)rcnep) (9 Zakg (Lix).

47



Example 2.56 In the context of Example 2.55, suppose that H is finite-dimensional and that,
for every k € {1,...,p}, Gi is finite-dimensional and g; € T'y(Gg). Let (v, )nen be a sequence
in |0, +oo[. Then we obtain the following new results on proximal mixtures and comixtures.

(i) Suppose that ~,, T +o0o. Then Theorem 2.54(vii) (a) implies that

o e > hd
M., (L, 8k)1<k<p — (M(Lk,gk)1<k<p>- (2.111)

(ii) Suppose that v, | 0. Then Theorem 2.54(vii) (b) implies that

. p

M., (Lk, 8k)1<kep — Z g © L. (2.112)

k=1

(iii) Suppose that v, | 0 and that the function ) 7_; cugy o Ly, is proper and coercive. Then
Theorem 2.54(vii) (c) implies that

. p
Xigﬁ(M%(Lk, gk)lg,@) (x) — rxréilﬂlg:lakgk(ka). (2.113)

Remark 2.57 In connection with Example 2.56, it was empirically argued in [11] (see also
[14, 15,18, 20] for the special cases of proximal averages) that, in variational formulations
arising in image recovery and machine learning, combining linear operators (Lj)i<r<, and
convex functions (gj)1<k<p by means of the proximal comixture (2.110) instead of the stan-
dard averaging operation >} _; cxgr o Ly had modeling and numerical advantages. For in-
stance, the proximity of the former is intractable in general [12], while that of the latter is
explicitly given by Theorem 2.53(vi) to be Idy — Y_7_; ax(Lj o (Idg, — prox. ) o L), which
makes the implementation of first-order optimization algorithms [10] straightforward. The
results of Example 2.56 provide a theoretical context that sheds more light on such an ap-
proximation.

2.2.4.3 Proximal expectations

We specialize the results of Section 2.2.4.2 to the proximal expectation. This operation, in-
troduced in [7, Definition 4.6] as an extension of the proximal average for finite families,
performs a nonlinear averaging of an arbitrary family of functions. We study here the follow-
ing extension of it which incorporates a parameter.

Definition 2.58 Let (2, F, P) be a complete probability space, let H be a separable real Hilbert
space, let (f,)weq be a family of functions in I'y(H) such that the function

Q x H—=]—o00,+00]: (w,x) — f,(x) (2.114)
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is F ® By-measurable. Suppose that there exist vectors r € £?(Q,F,P;H) and r* ¢
Z%(Q,F,P;H) such that the functions w + f,(r(w)) and w + f(r*(w)) belong to
Z1(Q,F,P;R). The proximal expectation of (f,),cq with parameter y € 0, 400 is

E (fu)wea = h* — %QH, where (¥x € H) h(x) :j 7 (£) ()P (dw). (2.115)
Q

An inspection of Definition 2.51 suggests that the proximal expectation can be viewed as
the instance of the integral proximal mixture in which (Vw € Q) G, = H and L,, = Idy. This
fact opens the possibility of specializing the results of Section 2.2.4.2 to obtain properties of
the proximal expectation. Let us formalize these ideas.

Proposition 2.59 Consider the setting of Definition 2.58 and let v € |0, +00|. Then the following
hold:

o © ¢
6] E“/(fw)wEQ = M“/(IdH’fw)wGQ = MV(IdH’fw)wGQ'
<&
(i) Ey(fu)yeq € To(H).
o> o
(i) (Ey(fu)peq)® = Ei/y(f5)ueor

(iv) Let x € H. Then prox . X = f prox.¢ x P(dw).
VEW(fW)wEQ Q ¢

(V) Let x € H. Then (E. (f. )ueq)(x) = j I, (x) P(dw).
Q
(i) Argmin, (. (f.)uen)(x) = Argmin,g, fﬂ I, (x) P(dw).

(i) Let x € H. Then (recE. (f,)uea)(x) = f (rect,)(x) P(dw).
Q

(viii) Suppose that there exists 5 € |0,+oo[ such that, for every w € Q, f,: H — R is (-
<
Lipschitzian. Then E, (f,)weq is B-Lipschitzian.

Proof. (i): As in the proof of [7, Proposition 4.7], the family (f,,)wecq fulfills the properties of As-
sumption 2.49. Therefore, the conclusion follows from (2.115), (2.80), and Theorem 2.54(iv).
(ii)—(viii): Combine (i) and Theorem 2.53. 0O

<&
Remark 2.60 Item (iv) in Proposition 2.59 justifies calling E(f,).,cq the proximal expecta-
tion of (f,)weq: its proximity operator is the expected value of the individual ones.

Proposition 2.61 Consider the setting of Definition 2.58. For every x € H, define

(Ee)ocn) 0
_ inf{ fg £ (2(w))P(dw)

2 € I2(9, F,P; H) and f 2(w)P(dw) = x}. (2.116)
Q

Then the following hold:
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(@) Let v € |0, 00| and x € H. Then (E.(f.))weq)(x) = f I, (x) P(dw).
Q
(i) Let v € ]0,+oc[ and x € H. Then

(Educn) () < (Bxfhuen) ) < [ £ (), (2.117)

(iii) Let x € H. Then the following are satisfied:

@ 1 (€, (fu)uen) 00 = (E(L)ocn) (1)
® lim (E,(£)oca) () = | .00 Pld).

(iv) Suppose that H and G are finite-dimensional, and let (y,)nen be a sequence in |0, +o0].
Then the following are satisfied:

o > o
(a) Suppose that v, T +oc. Then Ey, (f,)wen = (E(fu)wen)-
(b) Suppose that v, | 0. Then E% (fo)wen — f, where f: x f fw(x) P(dw).
Q

(c) Suppose that v, | 0 and that the function x f fw(x)P(dw) is proper and coercive.
Q

<

Then infcn (€, (F)ucn) (0 — mincen | £.(P(do)
Q
Proof. Combine Proposition 2.59(i) and Theorem 2.54. 0O

Remark 2.62 Suppose that (f;)1<k<p is a finite family of functions in I'y(H) and define P as

<&
in (2.108), with the additional assumption that > *_, oy, = 1. Then E(fi)1<x<, is the proximal
average of (f;,)1<r<p, studied in [3] (see also [9, Example 5.9]), namely,

° P oo\ 1
Ey(fi)1<hep = <Z ey V(fz‘c)> - ;QH = pav, (fr)1<k<p- (2.118)
k=1

In this context, Propositions 2.59(i)—(vi) and 2.61 recover properties presented in [3]. On the
other hand, Proposition 2.59(vii)—(viii) yields the following new properties of the proximal
average:

(@ rec(pav, (fi)i<k<p) = Dpoy i rECTL.
(ii) Suppose that there exists 5 € ]0,+oo[ such that, for every k € {1,...,p}, fr: H = R is

pB-Lipschitzian. Then pav., (fx)1<k<p is 8-Lipschitzian.

We conclude by making a connection between proximal expectations and integral proximal
comixtures that extends Proposition 2.59(i).

Proposition 2.63 Let (2, F, P) be a complete probability space, suppose that Assumptions 2.48
and 2.49 are in force, and let vy € |0, +oc[. Further, for every w € ), suppose that 0 < ||L,| <1
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and setf, = L, + g.- Suppose that the function
05 H = ]—00, +-00]: (w, %) = fu,(x) (2.119)

is F ® By-measurable and that there exist s € £*(Q,F,P;H) and s* € £?(Q,F, P; H) such that
the functions w + f,(s(w)) and w + £ (s*(w)) lie in £ (2, F,P;R). Then

L3 *
EV<LW 1gw>weg = M, (Lo, g0 )wco (2.120)

Proof. As in the proof of [7, Proposition 4.7], the family (f,)weq fulfills the properties of
Assumption 2.49. On the other hand, Proposition 2.59(ii) and Theorem 2.53(ii) assert that
&

E,(fu)wen and M, (Ly, 8. )weco are in I'g(H). Further, Propositions 2.59(v) and 2.22(ii), to-
gether with Theorem 2.53(viii) yield

(e H) (B (oluen) () = JQ I, (x) P(dw)

= [ (g7) (Lox) Paw)
= Py('\‘/l’y(l—wagw)weﬂ> (X)v (2.121)

and the assertion therefore follows from Lemma 2.7. O
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Chapter

PARAMETRIZED FAMILIES OF
RESOILVENT COMPOSITIONS

3.1 Introduction and context

We devote this chapter to question (Q2) of Chapter 1. We provide an in-depth analysis of
the parametrized resolvent compositions and derive asymptotic results concerning operator
convergence.

This chapter presents the following journal article:

D. J. Cornejo, Parametrized families of resolvent compositions, Set-Valued and
Variational Analysis, vol. 33, art. 6, 24 pp., 2025.

3.1.1 Article: Parametrized families of resolvent compositions

Abstract. This paper presents an in-depth analysis of a parametrized version of the resolvent
composition, an operation that combines a set-valued operator and a linear operator. We pro-
vide new properties and examples, and show that resolvent compositions can be interpreted
as parallel compositions of perturbed operators. Additionally, we establish new monotonicity
results, even in cases when the initial operator is not monotone. Finally, we derive asymptotic
results regarding operator convergence, specifically focusing on graph-convergence and the
p-Hausdorff distance.

3.1.2 Introduction

Throughout, # is a real Hilbert space with power set 2, identity operator Id;, scalar product
(-|-)5, and associated norm || - || In addition, G is a real Hilbert space, the space of bounded
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linear operators from # to G is denoted by B (#,G), and B (H) = B(H,H). Let L € B (H,G).
The adjoint of L is denoted by L*, and the parallel composition of a set-valued operator
B: G — 29 by L* is the operator from H to 2% given by

L'>B=(L*oB'oL) . 3.1

We focus our attention on new methods to combine a set-valued operator with a linear
operator, which have recently been introduced in [11], where they have been studied only for

the case v = 1.

Definition 3.1 Let L € B (#,G), let B: G — 29, and let y € ]0, +o0[. The resolvent composi-
tion of B and L with parameter ~ is the operator L SB:H — oM given by

L3B =L (B+~ '1dg) — v 'Idy (3.2)

and the resolvent cocomposition of B and L with parameter + is the operator L eB:H — 2H
/I

givenby L+ B = (L £ B~Y)~!. Further, Lo B = LéBandLeB =1L+ B.

Resolvents of set-valued operators are essential in the numerical solution of monotone in-
clusion problems [12,16,18,19,21,22]. A motivation for studying the resolvent compositions
of Definition 3.1 stems from the fact that their resolvent can be computed explicitly, unlike
those of the standard composite operators L* o B o L and L* [> B, for which the resolvent
is typically intractable and requires dedicated numerical methods [1,10, 15]. Resolvent com-
positions also show up in relaxations of inconsistent inclusion problems [8,11]. For instance,
these new composite operators can be utilized to model relaxations of convex feasibility and
nonlinear reconstruction problems [17]. Furthermore, the resolvent composition of the subdif-
ferential of a proper lower semicontinuous convex function is the subdifferential of a function
called the proximal composition (see [8,11,14]), which has been used in image recovery and
machine learning applications [13].

The goal of this paper is to present an in-depth analysis of the parametrized compositions
of Definition 3.1. We provide various new properties and examples, as well as connections
with connection with the parallel composition L*[> B and the standard composition L*o Bo L.
Additionally, we establish new monotonicity results, including the preservation of monotonic-
ity, strongly monotonicity, and maximally monotonicity, and examine the Fitzpatrick function
of the resolvent composition. Finally, we investigate the convergence of the operators L B
and L + B as ~ varies, by examining the graph-convergence and the p-Hausdorff distance
convergence.

The remainder of the paper is organized as follows. In Section 3.1.3, we provide our nota-
tion and necessary mathematical background. In Section 3.1.4, we investigate new properties
of the parametrized resolvent compositions and present several examples. Section 3.1.5 is
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devoted to study the monotonicity of resolvent compositions. Finally, Section 3.1.6 provides
convergence results for parametrized resolvent compositions as the parameter varies.

3.1.3 Notation and background

We first present our notation, which follows [7].

Let A: H — 2% be a set-valued operator. The domain of A is dom A = {z € H | Az # &},
the range of A is ranA = {z* € H | (Jz € H)z* € Az}, the graph of A is grad =
{(z,2*) e H x H | =* € Az}, the zeros of A is zerA = {z € H | 0 € Az}, the inverse of
A is the set-valued operator A~! with graph {(z*,z) € # x H | 2* € Az}. The resolvent of A
is

Ja = (Idy + A)~1 (3.3)

and the Yosida approximation of A of index v € ]0, +00][ is
TA =7 Iy — Jya) = (AT A1) T (3.4)

In particular, when v = 1,
Idy — Ja = Jg-1. (3.5)

The operator A is monotone if
(V(z1,27) € graA) (V(z2,23) € grad) (x; —xz|x] — ab),, >0, (3.6)

a-strongly monotone for some « € |0, +oo if A—aldy is monotone, and maximally monotone
if it is monotone and there exists no monotone operator B: H — 27 such that gra B properly
contains gra A.
Let L € B(H,G). If ran L is closed, the generalized (or Moore-Penrose) inverse of L is
denoted by L. Further, L is an isometry if L* o L = Idy, and a coisometry if L o L* = Idg.
Let D be a nonempty subset of # and let 7': D — H. Then T is nonexpansive if

(Ve € D)(Vy € D) [Tz — Tylln < |z - yllu, (3.7)

and firmly nonexpansive if 27" — Idy is nonexpansive.
The Legendre conjugate of f: H — [—o0, +0o¢] is the function

f5H — [—o0,+00]: a* > sup ((z | z*),, — f(x)) (3.8)

TEH

and the Moreau envelope of f: H — |—o0, +0o0] of parameter v € |0, +o0] is

. 1
Tf:H — [—o0,+00]: z— ylg?f{(f(y) + an — yH%) (3.9
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A function f: H — ]—o0, +o0] is proper if dom f = {z € % | f(z) < +oo} # @. The set of
proper lower semicontinuous convex functions from # to |—oo, +o¢] is denoted by I'o(#). The
subdifferential of a function f € Tg(H) is

of i H — 2"z {zr e | (VzeH)(z—a|a*)y + f(z) < f(2)}, (3.10)

and its inverse is
of) " =of". (3.11)

Let C be a nonempty convex subset of . The normal cone of C is denoted by N and
the strong relative interior of C' is denoted by sri C'. Additionally, if C' is closed, the projection
operator onto C' is denoted by proj.. Finally, the closed ball with center x € H and radius
p € ]0,40c[ is denoted by B(z; p).

The following facts will be used in the paper.

Lemma 3.2 Let L € B(H,G), let A: H — 2", let U: G — G, and let p € |0, +oo|. Then the
following hold:
(i) dom(L[> A) C L(dom A).
(ii) Let K be a real Hilbert space and let S € B (G,K). Then S>> (L[> A) = (So L) > A.
(iii) p(LD> A) = LD (pA).
(iv) (LD A)(pldg) = LD (A(pldy)).
V) LDA+U=LD>(A+L*oUoL)
Proof. (i): By (3.1), dom(L[> A) =ran(Lo A~' o L*) C L(ran A~') = L(dom A).
(ii): [7, Proposition 25.42(ii)]
(iii): Since A~!(p~'1dy) = (pA)~!, it follows from (3.1) that p(L[> A) = (Lo A~ ' o
L*(p~1dg)) ™ = (Lo (A (p~11dy)) 0 L)} = (Lo (pA) " 0 L)L = L > (pA).
(iv): Since p~tA~! = (A(pldy))~}, it follows from (3.1) that (L > A)(pldg) = (p~'L o
A7Vo L)L = (Lo (p A1) 0 L)) = (Lo (A(pld)) 0 L)L = L[> (A(pldw)).
(v):Letx €¢ Handset M = L[> A + U. It follows from (3.1) that

s eMx et —Uzx € (LoA_loL*)_lw

saeL(A (L - I (Un)) )
& (3Jyed) ye A_l(L*aj* —L*(Uz)) and z =Ly
& (3yeqg) L'z*eAy+L*(U(Ly)) and z =Ly

< (Jy e g) yG(A—I—L*oUoL)_l(L*:E*) and z =Ly
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sreL((A+L7oUor) (La"))
sz e (LD (A+L oUol))z, (3.12)

which completes the proof. 0O

3.1.4 Resolvent compositions

This section outlines the general properties of the parametrized compositions of Definition 3.1,
which will be utilized subsequently.

Proposition 3.3 Let L € B (H,G), let B: G — 29, let v € ]0, +oc[, and let p € ]0,+oc[. Then
the following hold:

(i) dom(L$ B) C L*(dom B).

(i) ran(L . B) C L*(ran B).

Gi) L3B = (L' B-1)L.

@) p(L3B) =L (p
W) (L3 B)(pldy) = L (B(pldg)).

i) p(LeB)=L"% (pB).

Wii) (L9 B)(pldy) = L4 (B(pldg)).

(viii) Let z € H, let w € G, and set 7,,B: x — B(x — w). Then the following hold:

B).

(@) (L$B)—z=L&(B-Lx).
(b) 7.(LeB) =L+ (r..B).
(ix) Let K be a real Hilbert space and S € B (K, H). Then the following hold:
(@) SS(LSB)=(LoS)SB.
(b) Se(LeB)=(LoS)sB.
(x) Set B =~/(1+ py). Then L3 (B + pldg) = (L5 B) + pldy.
xi) /(L"s" B) =L+ ("B).
(xii) (L B)=L*o("B)o L.
(xiii) zer(L ¢ B) = zer(L* o ("B) o L).
Proof. (i): By Definition 3.1 and Lemma 3.2(i), dom(L 3 B) C L*(dom(B + ~Idg)) =
L*(dom B).
(ii): By Definition 3.1 and (i), ran(L + B) = dom(L Es B~ c L*(dom B~!) = L*(ran B).
(iii) : This follows from Definition 3.1.
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(iv): It follows from Definition 3.1 and Lemma 3.2(iii) that

p(L3 B) = p(L*> (B +~7'1dg)) — py~'1dy

= L*D> (pB + py~'1dg) — py~'1dn
v/p

~ 174 (pB). (3.13)

(v): By Definition 3.1 and Lemma 3.2(iv), we obtain

(L3 B)(pldy) = (L* D> (B + 7~ '1dg)) (pldz) — py~'Idy

= L*D> (B(pldg) + py~'1dg) — py~'1dy

v/p

=L o (B(pldg)). (3.14)
(vi): By Definition 3.1 and (v),
p(LYB) =p(L'5 B 1) = (( £y B—l)(IolH/,o)>_1
— (L % (B ) =1 (oB). (3.15)

(vii): By Definition 3.1 and (iv),
(L3 B)(pldy) = (L5 B (pldyy) = (i £y B™)) -

= (r 5 (B(pldg))_1>_1 = 1"V (B(pldg)). (3.16)

(viii)(a): Set U: H — H: x — z. By Definition 3.1 and Lemma 3.2(v),
(L$B) —z=L"> (B4~ '1dg — LoU o L*) — v '1dy

=L*> (B~ Lz +~ '1dg) — v '1dy

=L (B - L2). (3.17)
(viii) (b): Since 7, B = (B! + w)~!, we combine Definition 3.1 and (viii) (a) to derive

7.(L+B) = ((L &' BV + z)_l — (' (B4 L) = LY (11.B). (3.18)
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(ix) (a): By Definition 3.1 and Lemma 3.2(ii),

(LoS)$B = (LoS)* D> (B+~ 1dg) — v 'ldx
=S*D> (L* D> (B +~ 'ldg)) — v 'ldk
= 5*D> (L $ B) + v '1dy) — v 'k
— 5 (LS$B). (3.19)

(ix) (b): We combine Definition 3.1 and (ix) (a) to obtain

1 1/

seim) = (s @B = (Les) ¥ B ) = @esiB (320

(x): Since ! = 47! + p, we deduce from Definition 3.1 that
L& (B + pldg) = L*I> (B + pldg + v~ '1dg) — v '1dy
=L*D> (B+ 8 '1dg) — g '1dy + pldy
— (L6 B) + pldy. (3.21)
(xi): By (3.4), Definition 3.1, and (x),

p(L vie B) _ ((L 1/(~<f>+p) B—l) +pIdH) -1

:
+(*B). (3.22)

"(LeB)=((L g1y 4 7IdH>_1 = (L'D> (B +41dg)) ' =L* o ("B)o L.  (3.23)

(xiii): Set A = L + B. It follows from (xii), (3.4), and (3.3) that 0 € zer(L* o ("B)o L) &
Oczer("A) o rxeJjare0cAr s rezerA O

The following proposition shows that the resolvent of the operators of Definition 3.1 can
be computed explicitly.

Proposition 3.4 Let L € B (H,G), let B: G — 29, and let y € ]0, +oo[. Then the following hold:
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@ J»Y(LZB)
(ii) ny( 13B)

=L*oJ,poL.
=1Idy — L* o (Idg — JyB) o L.

Proof. (i): By (3.3), Proposition 3.3(iv), and Definition 3.1,

T i) = (1dw +7(LgB)>_1 — (1 + (Lo (73))>_1

= (L*>(yB+1dg)) " =L* o Jygo L. (3.24)
(ii): By Proposition 3.3(vi), Definition 3.1, (3.5), and (i), we obtain
Jw(LiB) = JLe(yB) = J(LO(VB)71)71 = Idy — JLo(vB)-1 = Idy — L* o (Idg — Jyp) o L, (3.25)

as claimed. 0O
The next result interprets resolvent compositions as parallel compositions of perturbed

operators.

Proposition 3.5 Let L € B (H,G), let B: G — 29, let v € |0, +o0], and set ¥ = Idg — L o L*.
Then the following hold:

() LSB=L"D>(B+~y10).

(i) LeB=L*o(B~'+~¥)"loL

Proof. (i): Combining Definition 3.1 and Lemma 3.2(v), we deduce that

LéB=L"D> (B+7 '1dg) — v 'dy
=L*D> (B+~"'1dg + Lo (—y '1dy) o L*)
=L*> (B++7'0). (3.26)

(ii): It follows from Definition 3.1 and (i) that

1/

LeB= (L% !

B Y = (LD (B 4A0) =L o (B 4 40) o L, (3.27)

as announced. 0O
We proceed to provide particular instances in which the standard, parallel, and resolvent

compositions coincide.

Proposition 3.6 Let L € B (H,G), let B: G — 29, and let y € |0, +oc[. Then the following hold:
(i) Suppose that L is an isometry. Then L {B=LsB.

61



(ii) Suppose that L is a coisometry. Then L dB=IL*>BandL+B=L*0Bol.
(iii) Suppose that L is invertible with L' = L*. Then L iB=L"DB=L*0cBoL=L+B.

Proof. (i): Since L* o L. = Idy, we deduce from Proposition 3.4 and (3.3) that

1
(L% B) = (J —Idy = (L* o Jypo L)' —1dy = (L3 B). (3.28)

V(LzB))
(ii): Since L is a coisometry, ¥ = Idg— LoL* = 0. Therefore, we derive from Proposition 3.5

that LéB=L*>BandLeB=1L*0oBoL.
(iii): This follows from (i) and (ii). 0O

Corollary 3.7 Let L € B(H,G), let B: G — 29, and let v € ]0,+oc[. Let K be a real Hilbert
space and suppose that M € B (K, H) and S € B (G) are coisometries. Then the following hold:
() M*>(LSB)=(LoM)3$B.
(i) M*o(LeB)oM = (LoM)sB.
(i) L3 (S*D>B)=(S0L)$B.
(iv) Le(S*oBoS)=(SoL)+B

Proof. Combine Proposition 3.6(ii) and Proposition 3.3(ix). O
Now, we present several examples of resolvent compositions and cocompositions, starting
with the representation of the Yosida approximation as one such composition.

Example 3.8 Let A: H — 2 and v € |0, +oc[. Set L = Idy/2 and B = 2A(2Idy). Then
v/3
L « B="7A.

Proof. Tt follows from Proposition 3.5(ii) that L e A = (1/2)(A7! + ~1dy) 1 (Idy/2) =

(1/2) "A(Id4/2). Therefore, Proposition 3.3(vi)—(vii) implies that "A = 2(L e A)(21dy)
L %3 B, as claimed. 0O

Example 3.9 Let V be a closed vector subspace of H, L € B(#H,G), B: G — 29, and v €
10, +00[. Suppose that L is surjective and that L* o L = projy,. Then L dB=L"D>B,LeB=
L*oBoL,and "(L*oBo L) =L*o("B)o L.

Proof: In this case, L is a coisometry. Therefore, Proposition 3.6(ii) implies that L$B=L*>B
and LeB = L*oBolL. Further, we use Proposition 3.3(xii) to deduce that "(L* o Bo L) =
(L . B) = L* o ("B) o L, which completes the proof. O

Example 3.10 Let S € B (H,G),let A: G — 29, lety € ]0, 400, and let x4 € 0, +oo|. Suppose
that S o S* = uldg. Then the following hold:
() Set L= S/,/fiand B = \/iA(,/fildg). Then L+ B = §* 0 Ao 5.
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(ii) nyS*voS = Id?—[ - #—15* 0 (Idg - '],LL’YA) oS5.

Proof. (i): In this case, L is a coisometry and Proposition 3.6(ii) yields L eB=L*oBol =
S*oAoS.

(ii):By (i), S* 0o Ao S =1L + B. Therefore, the result follows from Proposition 3.4(ii) and
basic resolvent calculus. O

Example 3.11 Suppose that L € B (H,G) satisfies ||L|| < 1, let B: G — 29, and let vy €
10, +ool. Let ¥ = H B G, set U =Idg — LoL*, and set Ly: X — G: (z,y) — La+ ¥'/?y. Then

LysB: X 2% (z,9) (L* (B(Lx + \Ill/zy))) X <\I/1/2(B(Lac + qfl/?y))). (3.29)
Proof. Note that ¥ is self-adjoint and that
Vye @) (Byly)g = Ilyllg — IL*yl5 = 1= ILI*)llylIZ- (3.30)

Thus, ¥ is strongly monotone and ¥'/2 is well defined. Further, since Ly:G = Xy —
(L*y, U/2y), we deduce that

(Vy € G) Ly(Lyy) = Lo (L*y, ¥'/%y) = L(L*y) + Ty = y. (3.31)

Therefore, Ly is a coisometry, and it follows from Proposition 3.6(ii) that Lq,zB = L} oBoLy,
which establishes (3.29). O

Example 3.12 (resolvent mixture) Let 0 # p € N and let v € ]0,+o0o[. For every k €
{1,...,p}, let G, be a real Hilbert space, let L, € B(H,G), let By: G — 2%, and let
oy, €10, +00[. Let G = @Y _, G, and set

L:H—G:am (VarLiz,. .., JoapLyx) (3.32)

and

B: G —29: (yp)1<hep — <\/a_131 (yl/\/a_1)> X - X <\/@Bp(yp/\/a_p)). (3.33)

Then Proposition 3.4 yields

p
Jv(LXB) - Z arLy o Jyp, © Ly (3.39)
k=1
and
p
L wap) = 1dm - > aLio (g, — Jyp,) o L. (3.35)
k=1
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The operators

o p B -1
M. (Lg, Br)i<k<p = LS B = <Z apLio (B +~"'dg,) ' o Lk> —~ydy  (3.36)
k=1
and
. . p . —1 -1
M, (Ly, Bp)i<k<p = L ¢ B = ((Z apLi o (Bt +41dg,)” o Lk> - fyIdH> (3.37)

k=1

are called the resolvent mixture and comixture, respectively, and were initially introduced in
[11, Example 3.4] (see also [8] for further developments).

Example 3.13 (resolvent average) In the context of Example 3.12, suppose that 7 _, a; =
1 and that, for every k € {1,...,p}, Gy = H and L = Idy. Since L*: G — H: (yi)1<k<p —
> P _1 /oy, the linear operator L is an isometry. Thus, Proposition 3.6(i) yields L $B =
L + B. This operator is called the resolvent average of (Bk)i<k<p and (ay)1<k<p, denoted by
rav (B, @ )1<k<p, Which has been studied in [6-8,11,23], namely,

p —1
L g B = <Z Qg (Bk + ’Y_lIdH)_1> — ’y_lIdH = I’Z:\V»Y(Bk7 Oék)lgksp' (3.38)
k=1

In addition, (3.34) yields J, rav. (By.a0)1c0ep = dhm1 Iy By

3.1.5 Monotonicity of resolvent compositions

We leverage the results of Section 3.1.4 to establish conditions that ensure the monotonicity
of resolvent compositions.

Proposition 3.14 Suppose that 0 # L € B (H,G), let B: G — 29, let v € ]0,+oc], let a €
[~1/7,4oc], and set B = (a + v 1)||L||~2 — v~ L. Suppose that B — aldg is monotone. Then
LéB— 51dy, is monotone.

Proof Set ¥ = Idg — Lo L* and M = (B — aldg) + (o +~y H||L||72(||L||*1dg — L o L*). It
follows from Proposition 3.5(i) and Lemma 3.2(v) that

(L3 B) — fldy = L* > (B +~710) — Sldy
=L*D> (B+~7'W+ Lo (—pldy)o L")

= L*D> ((B — aldg) + (a + 7 HIILI (I LIPdg — Lo L*))
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=L"D> M. (3.39)

1 > 0 and the operators B — aldg and ||L||?Idg — L o L* are monotone, [7,

Since o +
Propositions 20.10] implies that M is monotone. Therefore, the assertion follows from (3.39)

and [7, Proposition 25.41(ii)]. O

Corollary 3.15 Suppose that L € B (H,G) satisfies 0 < ||[L|| < 1, let B: G — 29, let v €
10, 400, let o € 10, +oo|, and set B = (o + v~ 1)||L||72 — v~'. Suppose that B is a-strongly

monotone. Then L4 B is (-strongly monotone.

Proof. Since 8 = o||L||72 +~7(||L|| 72 — 1) > 0, the conclusion follows from Proposition 3.14.
0

Corollary 3.16 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let B: G — 29 be monotone,
let v € )0, +o00[, and set 8 =y~ (||L|| =2 — 1). Then L ¢ B is B-strongly monotone.

Proof. This follows from Proposition 3.14 when o = 0. 0O

Proposition 3.17 Let L € B(H,G), B: G — 29, and v € ]0,+oo|. Suppose that B +
7~ 1(dg — L o L*) is monotone. Then the following hold:

() L & B is monotone.

(ii) Suppose that ran L C ran(Idg + vB). Then L ¢Bis maximally monotone.

Proof. Set ¥ = Idg — L o L* and recall from Proposition 3.5(i) that L B=L"> (B+~~10).
(i): Since B + v~ ' is monotone, we deduce from [7, Proposition 25.41(ii)] that L $Bis
monotone.
(ii): Since monotonicity is preserved under multiplication by positive scalars, (L 3 B)
is monotone by (i). Further, by assumption, ran L. C ran(Idg + vB) = dom(Ildg + yB)~! =
dom J, . Therefore, dom(L* o Jyp o L) = dom(J,p o L) = H, and it follows from Proposi-

tion 3.4(i) that ran(Idy +7(L3B)) = dom Jm, wip) = . Altogether, we deduce from [7, Theo-

rem 21.1 (Minty)] that fy(LgB) is maximally monotone. Hence, L3Bis maximally monotone.
a

The following result recovers [11, Proposition 4.4(i)—(ii) and Theorem 4.5(i)—(ii)], which
were proven when ~ = 1 using distinct approaches.

Corollary 3.18 Suppose that L € B (H,G) satisfies |L|| < 1, let B: G — 29 be monotone, and
let v € )0, +o0]. Then the following hold:

D L & B and L + B are monotone.

(ii) Suppose that B is maximally monotone. Then L {Band L+ B are maximally monotone.
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Proof. Set ¥ = Idg — L o L*. Since ||L|| < 1, ¥ is monotone. Thus, [7, Proposition 20.10]

implies that B 4+ y~!'W¥ and B~! are monotone.
1
(i): By Proposition 3.17(i), L 4B and L </>7 B~! are monotone. Therefore, we combine
1
Definition 3.1 and [7, Proposition 20.10] to deduce that L +B = (L </>V

(ii): By [7, Proposition 20.22], vB and B~! are maximally monotone. Therefore, [7, Theo-

B~1)~! is monotone.

rem 21.1] yields ran(Idg++B) = G, and, by Proposition 3.17(ii), LB is maximally monotone.
1

Similarly, L </>7 B~! is maximally monotone, and it follows from [7, Proposition 20.22] that

LeB='%

Next, we state several instantiations of resolvent compositions which are monotone.

B~1)~! is maximally monotone as well. O

Example 3.19 Let 0 # p € N and let v € ]0,+oc[. For every k € {1,...,p}, let G, be a
real Hilbert space, let L, € B(#,Gy), let B,: G, — 29 be maximally monotone, and let

<o *
oy, € ]0,+00[. Suppose that Y-¥_, ay||Lx||* < 1. Then My (By, Li)1<k<p and M (By, Li)1<k<p
are maximally monotone.

Proof. Define L as in (3.32) and B as in (3.33). Thus, the assumption Y 7 _; ay|/Lx|* <
1mphes that ||L|| < 1, and, by [7, Proposition 23. 18] B is maximally monotone. Since

M ~(Brs L) i<k<p = L ¢ B and M ~(Bi, L) 1<k<p = L . B, the conclusion follows from Corol-
lary 3.18(ii). O

Example 3.20 Let A;: H — 2" and Ay: H — 2" be maximally monotone, let G = H & H,
set L: H — G: x — (x,—x), and set

B:G—29: (z,y) — (A1) x (Az_ly — 2z). (3.40)
Then L ¢ B is maximally monotone and
Jrop = IdH + = (2JA2 Idy) o (2J4, —Idy). (3.41)

In other words, the resolvent of L ¢ B is the Douglas—Rachford splitting operator of A, and
A; (see [7,18]).

Proof Set W =1Idg — Lo L*, M: G — 29: (z,y) = (A1z) x (Ay'y),and S: G — G: (z,y) —
(y,—x). Note that ¥: (z,y) — (y,x), that S is monotone, and that, since A; and A, are
monotone, M is monotone as well. Thus, [7, Proposition 20.10] implies that B+ ¥ = M + S
is monotone. Further, it is straightforward verify that

(V(z,y) €G) Jp(z,y) = (Ja,z, JA;1(y +2J4,1)). (3.42)

Therefore, it follows from Proposition 3.17(ii) that L ¢ B is maximally monotone. In addition,
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since L*: G — H: (x,y) — x — y, Proposition 3.4(i), (3.42), and (3.5) yield

(Vz € H) Jpepr =L*(Jp(z,—x))
= L*(Ja,z, JA51(2JA1x — 1))

=Jyx—J-1(2Ja,0 — 1)

—1
2
=Jax— (2Ja,2 — 3 — Ja,(2J 4, — 7))

1 1

which establishes (3.41). O

Remark 3.21 Consider the setting of Example 3.20. Then the operator B is not necessarily
monotone (take A; = 0 and A = Nyq)) and the norm of the linear operator is greater than 1
(|L|| = v2). As a result, the resolvent composition L ¢ B can be maximally monotone, even
in cases when B is not monotone and ||L| > 1.

The following example recovers the operator used in [20] for finding a zero in the sum of
p > 2 maximally monotone operators. For the sake of simplicity, we represent operators using

matrices.

Example 3.22 Let v € |0,+o0[, let K be a real Hilbert space, let p € N ~\ {0,1}, and let
(Ar)i1<k<p be a family of maximally monotone operators in K. Let H = @i;i K, let G =
P K, set
k=1""

Idx
—Idx Idg
L= € B(H,9), (3.44)
—Idx Idg
i —Idi |
and set _ )
Ay
—Idx A,
B=~ 1 G — 29 (3.45)
—Idx Ap
| —Idk —lde  Ap]
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Then, for every z = (21)1<k<p-1 € H,

To — X1
Tr3 — I9
— 2
Jw((vL)zBfl)z =zt : ;
Tp — Tp—1
z1 = Ja, 21,
Where (\V/k’ € {27 Y 2 1}) T = JAk(Zk + Lh—1 — Zk—l), (346)

zp = Ja, (T1+ 2p-1 — 2p-1).

Proof. Let z = (2x)1<k<p—1 € H. It is straightforward verify that J,-15(Lz) = (zx)1<k<p = .
On the other hand, recall from [7, Proposition 23.20] that Idg — J,p-1 = 7J7713(7_1Idg).
Further, note that

Tr1 — T2
o — I3
L*m = . (3.47)
Tp—1 — Tp

Altogether, we deduce from Proposition 3.4(ii) and (3.47) that

Tr9 — X1
Tr3 — I9
_ * . 2Qr% 2
Jy((vL)zB”)z =z —(yL) (vale(Lz)) =z—vyL'zc=z+~ f , (3.48)
l'p — J,’p_l,

which establishes (3.46). O

Remark 3.23 As shown in [20, Lemma 3], the operator given in (3.46) is y?-averaged when
v €10,1].

Example 3.24 Let L € B (H,G) be such that ran L is closed, let B: G — 29 be maximally
monotone, and let v € ]0, +o0]. Let X be the real Hilbert space obtained by endowing H with
the scalar product

(])x: XXX = R: (z,y) = (Lx | Ly)g + (x| Projier 1 ¥) gy (3.49)

and set Ly: X — G: x +— Lz. Then the following hold:

(i) Ly $Band L x + B are maximally monotone.

(ii) JV(LXXB) =Lfo JypoL.
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(ii) J»y(szB)
(iv) Suppose that ker L = {0}. Then Ly $B= Ly + B.

(v) Suppose that ran L = G. Then LXgB = LT[> B and L;ng —ILtoBolL.

=1dy — LT o (Idg — J,5) o L.

Proof. Let x € H and y € G. It follows from (3.49) that ||Lx|| < 1 since
(Vz €M) |lLazlg = IL21IG < IL20G + || Projuer 1 2II3 = lI2]1%- (3.50)

Further, the identities L*y = L*(L(L'y)) and L'y € (ker L)+ [7, Proposition 3.30(i)] imply
that

(Lxw|y)g = (x| L y)y
= (2| L*(L(LTy)))y
= (Lz | L(LTy))g + (& | projier 1 (LTy)) 5
= (x| L1y) . (3.51)
Inturn, L : G — X: y Lty.

(i): A consequence of Corollary 3.18(ii).

(ii)-(iii): A consequence of Proposition 3.4.

(iv): By [7, Proposition Corollary 3.32(iv)], L o L = Idy. Therefore, Ly is an isometry,
and the assertion follows from Proposition 3.6(i).

(v): By [7, Proposition 3.30(ii)], L o LT = Idg. Therefore, Ly is a coisometry, and the
assertion follows from Proposition 3.6(ii). O

Remark 3.25 When L € B (H,G) satisfies L o L = Idy, the operator T = L' o .J ., © L
has been used to enhance the performance of wavelet-domain denoising [9]. Consequently;,
Example 3.24(ii) shows that this method implicitly involves resolvent compositions.

Example 3.26 Let U € B (#) be a self-adjoint and strongly monotone operator. In the context
of Example 3.24, assume that G = H and that L = U~'/2. Then

LyéB=UY20BoU Y2 (3.52)

Proof In this case, L is invertible and LT = L~! = U'/2. Therefore, Example 3.24(iv)-(v)
implies that Ly $ B =Ly ¢« B=UY20 BoU~1/2, as claimed. 0O

Example 3.27 Suppose that L € B (#,G) satisfies 0 < || L|| < 1, let g: G — ]—00, +00] be a

proper function that admits a continuous affine minorant, let v € |0, +o0[, let

1 * 1
Lég= (") oL) ~ 5l B (3.53)
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1
be the proximal composition of g and L, and let L . g= (L </>7 g*)* be the proximal cocompo-

sition of g and L (see [8,11,14]). Then the following hold:
(i) L3ag™ =a(L4g).
(i) Ledg™ =0(Leg).

Proof. Set W =1dg — L o L* and recall from [14, Lemma 2.1(v)] that g* € T'y(G).

(i): By [14, Proposition 3.11(i)] and Proposition 3.5(i), G(ng) =L*D> (09" + 1) =
Ld ag**.

(ii): Note that (3.11) and the identity ¢*** = ¢* yield (9g**)~! = 9¢g*** = dg*. Therefore,
it follows from [14, Proposition 3.11(ii)] and Proposition 3.5(ii) that 9(L . g) = L* o (0g* +
Yo L =1L . dg**, which provides the desired identity. O

We conclude this section by examining the resolvent composition of uniformly monotone
operators as well as the Fitzpatrick function of resolvent compositions.

Proposition 3.28 Suppose that L € B (H,G) satisfies 0 < ||[L|| < 1, let B: G — 29 be max-
imally monotone, and let v € ]0,+o0]. Suppose that B is uniformly monotone with modulus

¢: [0, +00[ = [0, +0o0], ie., ¢ is increasing, vanishes only at 0, and
(V(y1,y7) € graB) (V(y2.y5) € graB)  (y1 — w2 |y} —v3)g = ollyr — 12llg),  (3.54)
v/2
and set o5, = L & (¢po] - |g). Then
(V(z1,27) € gra(LgB)) (V(2,23) € gra(L 3 B)) (x1—axa|x] —x3)g = o1 — x2).
(3.55)

Proof. Note that ¢ o || - ||g > 0 and that ¢(||0||g) = 0. Thus, ¢ o || - ||g is a proper function
minorized by the affine function 0. Further, by [7, Proposition 13.16], ¢o||-|g = (¢o] - |lg)**.
On the other hand, recall from Corollary 3.18(ii) that L B is maximally monotone. Let
(x1,27) € gra(L 3 B) and (z2,2%) € gra(L 3 B). It follows from Proposition 3.4(i) that

(Vk e {1,2})) a} € (LéB)ay & JW(LXB)(:C,C ozl = ap

(Ipr € G) L*p = xp
&
Jy5 (L(zy, +y2%)) = pi
dpp € L¥*p, = x
o (3pr € G) L'pr = xy, (3.56)
(pr, L(y @i + 2}) — v 'pi) € graB.

Since B is uniformly monotone with modulus ¢, we deduce that

Y @y — @ollF 4 (w1 — a2 |2} — a3)y — v oy — p2llE = (p1 — p2| v Lzt — 32) + L(a} — 23))g
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—y Hp1 —p2|p1 — p2)g
> ¢(llpr — p2llg)- (3.57)

Therefore, since L*(p; — p2) = x1 — 2, we deduce from (3.57) and [14, Proposition 3.2(i)]
that

(w1 — a2 | 2} — w3) > $(lpr = pallg) + 7 (o1 — pall3 — a1 — 2l
> inf (¢(||v||g)+v‘1(\lv\lg - HL*UII%))

L*v=x1—x2

o3 (6ol 1lg)™ @)+~ (Ilollg — 1Z01,) )
— (L8 (9ol 6)) @1 — 22, (3.58)

which completes the proof. 0O

Proposition 3.29 (Fitzpatrick function) Suppose that L € B (H,G) satisfies |L| < 1, let
B: G — 29 be maximally monotone, let

Fp: G xG— [—o00,+00]: (z,2%) — ( s)up ((v]a*)g + (x| v")g — (v]v*)g) (3.59)
v,v*)egra B

be its Fitzpatrick function, and let v € ]0, +o00[. Then the following hold:

(i) Let x € ker(Idy — L* o L) and x* € H. Then F»y(LXB) (x,2*) < Fyp(Lx, Lx*).

(ii) Let x € H and z* € ker(Idy — L* o L). Then FW(LZB) (x,2*) < Fyp(Lx, Lz*).

Proof. We recall from Corollary 3.18(ii) that L dBand L+ B are maximally monotone.
(i): By Minty’s parametrization [7, Remark 23.23(ii)],

Fapy @) = jg£<<%(LzB)y ‘ x*>y * <$ ‘ v J“/(LXB)y>H N <J“/(LXB)y ‘ v J’Y(LXB)y>H>'

(3.60)
Thus, by virtue of Proposition 3.4(i) and ||L|| < 1, we deduce that, for every y € H,

< ‘y J L<>B) >H+<J7(L<”>B)y x*>7_[_<J’y LB y‘y J(LoB)y>H
= <x(y—L (J’YB(L?J))> +<L* vB(Ly)) | @ > <L* 5(Ly) (y L (JwB(Ly))>H
< (@ = L*(La) | gy + ((La | Ly = L (Ly))g + (Jrp(Ly) | La*)g — (Jn(Ly) | Ly = J,p(Ly)g)

< sug((Lx\fu JyBv)g + (Jypv| La*)g — (Jypv|v — J’yBU>g)
ve

= Fyp(Lz, Lz™). (3.61)
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Therefore, taking the supremum over y € H in (3.61), the conclusion follows from (3.60).
(ii): By Proposition 3.3(vi), Definition 3.1, (3.59), and (i),

Fw(LzB)(x’x*) - F(Lo(-yB)*l)’l(waw*) = FLo(-yB)*l(x*,w)

< Fap- (La', L) = Fyp(La, L"), (3.62)
which completes the proof. 0

Corollary 3.30 Suppose that L € B (H,G) is an isometry, let B: G — 29 be maximally mono-
tone, and let y € |0, 4o00|. Then

(v € H)(Fa" €M) F 3 (@,2%) < Fyp(La, La”) (3.63)

Proof. Since L is an isometry, ker(Idg — L*o L) = H. Therefore, the conclusion is a consequence
of Proposition 3.29(i). 0O

Corollary 3.31 ([6, Theorem 2.13]) Let 0 # p € N and let v € ]0,+oc[. For every k €
{1,...,p}, let By: H — 2" be maximally monotone and let oy, € ]0,-+ocol. Suppose that
> F_ai =1 Then

F’y rav~ (Bg,ak)1<k<p < Z OékFyBk . (3.64)

p
k=1

Proof. Define L and B as in Example 3.13 and recall that L iB = rav~ (B, ok )1<k<p- In this
case, L is an isometry, and it follows from Corollary 3.30 that, for every x € H and z* € H,

P
F tavy (Bi,on) 1<hsp (z,2") < Fyp(Lx,Lz*) = ZakaBk (x,2"), (3.65)
k=1

as announced. 0O

3.1.6 Asymptotic behavior of resolvent compositions

We examine the convergence of the operators LB and L+ B when ~ varies, studying their cor-
responding graph. We begin by recalling some definitions related to set-convergence, which
enable us to characterize the convergence of operators through their graphs.

3.1.6.1 Set-convergence

Definition 3.32 (Painlevé-Kuratowski) Let (C,),cn be a sequence of subsets of H. The
lower limit of the sequence (C),)nen is the closed subset of H defined by

limC, = {z € H| (3 (zn)nen in H)(Vn €N) z, € C, and z,, — z}. (3.66)
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The upper limit of the sequence (C),),cn is the closed subset of # defined by

limC, = {z € H| (3 (@n)nen in H)(3 (kn)nen in N)(Vn € N) z,, € Cy, and z,, — z}.
(3.67)
The sequence (C),)nen is Painlevé—Kuratowski convergent if its upper limit coincides with its
lower limit. The limit set in this case is given by

lim C, =1limC, =1imC,. (3.68)

n—-4o0o

Let C and D be subsets of H. The excess function of C on D is defined by

e(C,D) =supdp(x), (3.69)
zeC

with the convention that e(&, D) = 0.

Definition 3.33 (p-Hausdorff distance [3,5]) Let C' and D be subsets of #, let p € [0, +oc],
and set C, = C N B(0; p) and D, = DN B(0; p) The p-Hausdorff distance between C and D is

haus,(C, D) = max{e(C,, D),e(D,,C)}. (3.70)

A sequence (C), )nen of subsets of H converges with respect to the p-Hausdorff distance to the
subset C' of H if
(Vp€]0,400[) lim haus,(Cp,C)=0. (3.71)

n—+4o0o

3.1.6.2 Graph-convergence of operators

Definition 3.34 Let (A, ).eny and A be set-valued operators from H to 2%. Then (A, )nen
graph-converges to A, denoted by A,, % A, if (gra A, )nen converges to gra A in the Painlevé—
Kuratowski sense.

Definition 3.35 Let A: H — 2%, B: H — 2%, and p € [0, +oo|. The p-Hausdorff distance
between A and B is
haus,(A, B) = haus,(gra A, gra B). (3.72)

A sequence (A, )nen of operators from H to 27 converges with respect to the p-Hausdorff
distance to the operator A: H — 2" if

(Vp €10, +00) l_1£1 haus,(A,, A) = 0. (3.73)

Some equivalences of graph-convergence for maximally monotone operators are summa-
rized in the following result (see e.g. [2]).
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Lemma 3.36 Let (A, )nen and A be maximally monotone operators from H to 2*. Then the
following are equivalent:
@ 4, L A
(i) (Vy €]0,4+o00])(Vx € H) Jya,x — Jyax.
(iii) (v €]0,4o00[)(Vx € H) Jya, — Jyax.

Lemma 3.37 Let (A,)nen and A be maximally monotone operators from H to 2™, and let
(Y )nen and ~ be in 0, +-o00|. Suppose that A, 2> A and ~,, — ~. Then the following hold:
@ AL AL
(D) YA, 5 vA
Proof. (i): This follows from (3.5) and Lemma 3.36.
(ii): Let z € H and set (Vn € N) §,, = 1 — +,,/~. By [7, Proposition 23.31(iii)],

HJ'YnAnx - J’YAn‘T”’H + HJ'YAnx - J’YA'Z.H’H
Onlllz — J’yAnw”H + ”J'YAn‘T - J’yAxHH- (3.74)

HJ'YnAnx - J’YA"L.”'H <
<

Further, 4, % A and Lemma 3.36 yield J, 4,2 — Jyaz. Altogether, since 6,, — 0, we deduce
from (3.74) that J, 4,2 — J,az. Finally, invoking Lemma 3.36 one more, we obtain the
assertion. 0O

Lemma 3.38 ([4, Propositions 1.1 and 1.2]) Let A;: H — 2" and Ay: H — 2™ be maxi-
mally monotone, and let € ]0, +oc[. Consider

(Vo € [0,400]) dys(A1,A42) = sup |[[Jya, @ — Jya,z||n. (3.75)
z€B(0;0)

Then the following hold:
(D) (\V/p c [0, —|—OOD hausp(Al, Ag) < max{l, ’7_1}(1%(1_’_7)/)(141, Ag)
(i) Set p=max{s + || Jy4,0|/2,7 (6 + ||.Jy4,0[2}. Then

d%(;(Al,Ag) < (2 —|—’7) haUSp(Al,Ag). (3.76)

3.1.6.3 Convergence of resolvent compositions

We proceed to study the graph-convergence and convergence with respect to the p-Hausdorff
distance of resolvent compositions.

Proposition 3.39 Let (L, )nen and L be in B (H, G), let (By,)nen and B be maximally monotone
operators from G to 29, and let (v, )nen and v be in |0, 4+-o0c[. Suppose that L, — L, B, 9 B,
Yn — 7, and (Yn € N) || L,|| < 1. Then the following hold:
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() L, ¢ B, L LB

(i) L, ¢ B, % L+ B.
Proof. We recall from Corollary 3.18(ii) that the operators (L,, B Bp)nen, LgB, (L v Bp)nen,
and L + B are maximally monotone. Therefore, by Lemma 3.36, it is enough to verify the
convergence of the resolvent of these operators.

(i): Let z € H and set (Vn € N) 6,, = 1 — v/~,. It follows from [7, Proposition 23.31(iii)],
Proposition 3.4(i), and Lemma 3.37 that

”J*y(anBn)x - J’y(LgB)xHH
S~ sy I I, 1) = T 13y

< |On| ||z — nyn(Ln@Bn):EHH + || Ly, (']’YBn(LTL:E)) - L*(J’YB(Lx)) IE%

= (0] 1 — Ly (3, (L)) 1+ 1Ly (Fy, (L)) — L (T (L)) . (3.77)

Further, nonexpansiveness of .J,, g, implies that

’J nBn (Lnx) - J’Yan (LIL')HQ + ”J'Yan (L.Z') - J’YB(L‘T)HQ

< || Lnz — Lz + || J5, B, (Lx) — Jyp(Lz)||g- (3.78)

On the other hand, by Lemma 3.37(ii), v, B EN ~B. Since 6,, — 0 and L,, — L, we combine
(3.77) and (3.78) to obtain J’Y
Lemma 3.36.

(L% Bn):n — J’Y (23 B)ZE. Therefore, the conclusion follows from

1/9n 1
(i): By Lemma 3.37(i), B;' % B~!. Therefore, (i) yields L, /g B4 L </>7 B~1.
Altogether, by Definition 3.1 and Lemma 3.37(i) once more,
n 1 n —_ 1 p—
L% B, = (L, 3" B S (L B ) = LiB, (3.79)

as asserted. 0O

Proposition 3.40 Let (L, )nen and L be in B (H,G), let B: G — 29 be maximally monotone,
and let (v,)nen be a sequence in |0, +oo[. Suppose that L,, — L and that (Vn € N) ||L,|| < 1
Then the following hold:

(i) Suppose that ~,, | 0. Then the following are satisfied:

@ Ly o (yB) % Lo Ny

() Ly o (7nB) 5 Lo Ny .
(ii) Suppose that v,, T 400 and that zer B # @. Then the following are satisfied:

@ Ly o (wB) L Lo Nyerp.
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() L+ (1nB) % Lo Nyer .

Proof. (i): Let y € G. We recall from [7, Corollary 21.14] that dom B is closed and convex.
Further, by [7, Theorem 23.48], J,, gy — Projgomz¥ = J. N Y- Therefore, it follows from
Lemma 3.36 that v, B % N3 > and the conclusion is a consequence of Proposition 3.39.
(ii): Let y € G. We recall from [7, Proposition 23.39] that zer B is closed and convex.
Further, by [7, Theorem 23.48], J,, By — PrOj,e;py = Jn,, Y- Therefore, it follows from
Lemma 3.36 that v, B 9y Nyer 5, and the conclusion is a consequence of Proposition 3.39. O
The following proposition shows that, for a fixed v € |0, +oc[, resolvent compositions are

nonexpansive with respect to d., s.

Proposition 3.41 Suppose that L € B (H,G) satisfies | L|| < 1, let By: G — 29 and By: G —
29 be maximally monotone, let v € |0, +ocol, and let § € |0, +oc[. Then the following hold:
(D) dys5(LS By, LéBy) =dys(Le By, LeBy).
(i) dys(L 3By, L6 Ba) <||L| dyypy5(B1, Ba).
(ii)) dys(L s Bi, L+ B) < ||L| dy 1ys(Bi. Ba).

Proof. We recall from Corollary 3.18(ii) that, for every k € {1,2}, L ¢ By and L + By, are
maximally monotone.

=J

(LsB1) J.

(i): By Proposition 3.4, J’y (13B)) ~ J,Y (13 (L3E,

B2) ) Therefore, the conclu-
sion follows from (3.75).

(ii): Let = € B(0;6). It follows from Proposition 3.4(i) that

1, 235,y = 7 (13, Il = 1L (Jypy (L)) — L* (35, (L)) |2

< LI s, (La) = Iy, (L) g
<L sup  [[JyBiu— JyBoullg
ueB(0;| L||5)
= |IL] d'y,||LH5(BlaB2)- (3.80)

Therefore, by taking the supremum over all € B(0; ), we obtain the assertion.
(iii): A consequence of (i) and (ii). 0O

Proposition 3.42 Suppose that L € B (H,G) satisfies | L|| < 1, let By: G — 29 and By: G —
29 be maximally monotone, let v € |0, +oc[, and let p € |0, +o0|. Then

haus, (L ¢ By, L$ By) < max{1,7 " }|L||d 1)1ty (B1, Ba)- (3.81)

Proof. Combine Corollary 3.18(ii), Lemma 3.38(i), and Proposition 3.41(ii). O

Proposition 3.43 Suppose that L € B (H, G) satisfies | L|| < 1 and let B: G — 29 be maximally

monotone. Assume that L* o B o L is maximally monotone. Then the following hold:
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@) LeBL L*oBoLas0<y— 0.
(ii) Suppose that one of the following is satisfied:

(a) ran(B o L) is bounded.
(b) There exists S € B (H,G) such that S o L* is invertible.

Then
(Vp €10, +oc])  lim haus,(L eB,L*oBoL)=0. (3.82)
Y—

Proof. Let v € ]0,1[ and recall from Corollary 3.18(ii) that L +Bis maximally monotone. Let
x € H, let p € ]0, +0o0[, and suppose that x € B(0;2p). Set ¥ =1Idg — Lo L*, set p = Jr+oBoL T,
and set p, = J LipT We deduce from Proposition 3.5(ii) that

T —py € (LzB)pV Sr—py € L*((B_1 +7§/)_1(pr))

dy,€G) z—p,=L"
o (yw ) D~ Yy

Lpy € (B™'+~9)y,

dy, €G —p, =L*
PN (yw ) T — P~y Yy (3.83)

Yy € B(Lpy = yVy,).
On the other hand,
r—pel*(B(Lp) < (3yeqG) a—p=Ly and ye B(Lp). (3.84)
Altogether, monotonicity of B, (3.83), and (3.84) yield

(Lpy =7¥yy) = Lo yy = y)g 2 0 (py = 2 L7 (Y7 = Y))o = 7V |4y — y)g 2 0
S Dy = 2P = Dy)3 — ¥ (YYy 4y —y)g =0
& |y = 23 + (%Y [y, — y)g <O. (3.85)

Further, since L*y, = « — p, and L*y = x — p, by Cauchy-Schwarz inequality [7, Fact 2.11],

(Vyy |y —¥)g = Yy — L(z — py) |y — ¥)g

=Yy Yy —U)g — (T =y [ L*(yy — V)

=y lIE — Wyl y)g — (@ =Dy [P —Pr)y
lysl1E = llysllg lyllg — ((p = Dy [P — Py)ay + (. — PP — Py)ay)
lys 18 = Ny llg llyllg = 1P — Py 113 = |2 = pllac I — Pyl

: 2 o . 2 o .
glel]{{g(a allyllg) = e — poll3 = llz = pllw llp — Pyl

A\ VARV
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1
== 19lG = o = 2513 = e = pllac |2 = Pyl (3.86)

Set § = 2p + ||Jr*oBor0||- Since L* o B o L is maximally monotone, nonexpansiveness of
JL*oBoL yields

< HJL*oBoLx - JL*OBOLO”H + HJL*OBOLOHH < Hx”H + HJL*OBOLOHH
<

2p + HJL*OBOLOHH = 0. (3.87)

Thus, we combine (3.85), (3.86), and (3.87) to deduce that

g

Ip = py I3 = 3 1llG = Yl = P13 = Iz = plls I = ol <0
v

& (L=l = pyll3 = vlle = pla o = pyllae = 4 lwllg <0

Y Y
& p—plf — me =Pl llp — pylla — ml!y\@ <0
Y
1—7(
Y

= |lp —py I3 — ﬁ@/ﬂr NMp —pylln —

y
= [lp — py 1% — [ ll2 + [lplla)llp = Pyl — m\lyllé <0

g 2
T lg <0

2

2
= <”p_pv”7i - ﬁ&ﬂ"‘&) < ﬁ@ﬂ—ﬂSf +
A2

1/2
2 v 2 v
= [[p—pylln < <4(1 _7)2(20‘1'5) + m”ﬂg) + m@ﬂ—iﬂs)- (3.88)

(i): By (3.88), JL;yB:E — JrsoBorx as 0 < v — 0, and the conclusion follows from
Lemma 3.36.

2 2
— Iyl
41 —~)"7

(ii): Assumption (ii) (a) implies that there exits € ]0, +o00| such that, for every z € ran(Bo
L), ||zllg < n. In particular, (3.84) yields ||y||g < n. On the other hand, Assumption (ii) (b) and
(3.84) imply that y = (S o L*)~1(S(z —p)). Thus, ||lyllg < |[(SoL*)~| ||S||(2p+ ). Therefore,
either Assumption (ii) (a) or Assumption (ii) (b) implies that there exists n € ]0, +o00[ such that
llyllg < n. Altogether, we deduce from Lemma 3.38(i) and (3.88) that

haus,(L ¢ B,L* o Bo L) < dy5,(L ¢ B,L* o Bo L)

= sup ||J v ’LL—JL* B LUHH
ueB(0;2p) LeB o

2 5 12 v
< <4<1 Pt —w>"2> T2t

—0as 0<y—0, (3.89)

which completes the proof. 0O

Corollary 3.44 Let 0 # p € N and, for every k € {1,...,p}, let G; be a real Hilbert space, let
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Ly € B(H,G), let By: G, — 29 be maximally monotone, and let oy, € |0, +oo|. Suppose that
SP_ agllLg|* < 1and that >°F_, ayL} o By o Ly, is maximally monotone. Then

p
M (B Li)1<kep 2 > axLioBro Ly as 0<y— 0. (3.90)
k=1

Proof. Define L as in (3 32) and B as in (3. 33) and recall that from Example 3.19 that,

for every v € 10, +o0], M ~(Brs ok )1<k<p = L + B is maximally monotone. Therefore, since
> b _jaxLioByoL,=L*oBo L, the conclusion follows from Proposition 3.43(i). O

Corollary 3.45 ([4, Proposition 1.4]) Let A: H — 2 be maximally monotone. Then
(Vp €10, 400]) li_>m0 haus,(7A, A) = 0. (3.91)
v

Proof. Set L = Idy /2 and B = 2A(2Idy). Thus, L* o B o L = A. Further, by Example 3.8,
(Vv €]0,400]) "A = LM?)B. Since Idy o L* is invertible, we derive from Proposition 3.43(ii) (b)
that

(Vp €1]0,400[) haus,("A, A) = haus,(L % B,L*oBoL)—0as 0<vy—0, (3.92)
which establishes (3.91). O

Corollary 3.46 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1 and let g € T'o(G). Assume
that 0 € sri(dom g — ran L). Then the following hold:

(D) O(Leg)Ld(goL)as0 <~y — 0.

(ii) Suppose that g: G — R is 5-Lipschitzian for some 3 € |0, +oco[. Then

(Vp €]0,400[) lim haus,(d(L +9),0(go L)) =0. (3.93)

¥—0

Proof. Invoking [7, Corollaries 13.38 and 16.53(i)], ¢** = gand 9(go L) = L* o (Jg) o L
(i): It follows from Example 3.27(ii) and Proposition 3.43(i) that

OLeg)=LedgL L*o(dg)oL=0(goL) as 0 <~ — 0. (3.94)

(ii): Appealing to [7, Corollary 17.19], ran dg C B(0; ). Thus, ran dg is bounded, and the
conclusion follows from Proposition 3.43(ii)(a). O
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Chapter

RESOLVENT COMPOSITIONS FOR
POSITIVE LINEAR OPERATORS

4.1 Introduction and context

In this chapter, we focus on question (Q3) of Chapter 1 and present new results on resolvent
compositions for positive linear operators. In particular, we show that the resolvent composi-
tions are nonexpansive with respect to the Thompson metric and study nonlinear equations
based on these operators.

This chapter presents the following journal article:

D. J. Cornejo, Resolvent compositions for positive linear operators, Positivity, to

appear.

4.2 Article: Resolvent compositions for positive linear operators

Abstract. Resolvent compositions were recently introduced as monotonicity-preserving op-
erations that combine a set-valued monotone operator and a bounded linear operator. They
generalize in particular the notion of a resolvent average. We analyze the resolvent compo-
sitions when the monotone operator is a positive linear operator. We establish several new
properties, including Lowner partial order relations, concavity, and asymptotic behavior. In
addition, we show that the resolvent composition operations are nonexpansive with respect
to the Thompson metric. We also introduce a new form of geometric interpolation and explore
its connections to resolvent compositions. Finally, we study two nonlinear equations based on
resolvent compositions.
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4.2.1 Introduction

Throughout, H is a real Hilbert space with identity operator Idy;, scalar product (- |-),,, and
associated norm ||-||. In addition, G is a real Hilbert space, the set of bounded linear operators
from # to G is denoted by B (*,G), and B (H) = B (H,H). The adjoint of L € B(H,G)
is denoted by L*. The set P(H) of positive operators on # is the collection of self-adjoint
operators A € B (H) such that (Vz € H) (Az|x),, > 0. The Léwner partial ordering between
two self-adjoint operators A and B in B (H) is defined by A < B < B — A € P(H), and the
set of self-adjoint strongly positive operators on H is

S(H)={AePH)| Bac]0,+o0]) aldy < A}. (4.1)
A fundamental operator associated with a monotone operator B: G — 2 is its resolvent
Jp = (Idg + B) ™1, (4.2)

which plays a central role in monotone operator theory and convex optimization, especially
through its use in operator splitting algorithms [3, 7, 10]. In many applications, monotone
operators arise in combination with linear operators, which motivates the study of operations
that combine the monotone operator B and a linear operator L € B (H,G) while preserv-
ing monotonicity. Recently, [6] introduced two monotonicity-preserving operations called the
resolvent composition and the resolvent cocomposition of B and L, defined respectively by

LEB="L"> (B+~"dg) — v 'dy (4.3)
and .
LB = (L gy B—l) , (4.4)

where L*>B = (L*oB~'oL)~! is the parallel composition of B by L* [3], and y € ]0, 4+o00|. An
attractive property of resolvent compositions is that their resolvent operators can be explicitly
expressed through L and the resolvent of B [6, Propositions 1.2 and 4.1(v)], namely,

=L*oJypoL and J

(13B) =Idy — L*o (Idg — JVB) olL. (4.5)

v(LsoB)
This feature, in turn, significantly facilitates the design and implementation of algorithms for
monotone inclusion and convex optimization problems [5-8, 12]. Special cases can also be
implicitly found in concrete applications such as image recovery [8], neural networks [14],
inverse problems [15], and machine learning [29, 32]. For further motivation, let us consider
the following examples.

Example 4.1 (resolvent mixtures) Let 0 # p € N and let v € ]0,+oc[. For every k €
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{1,...,p}, let G be a real Hilbert space, let L;, € B(H,Gx) be such that 0 < ||Lg| < 1,
let By, € 8(G), and let ay, € ]0, +00[. Suppose that Y 7_, oy, = 1. Then the resolvent mixture
and the resolvent comixture are defined, respectively, by

o p B -1
M'y(le Bk)lgkgp = <Z Oszz o (Bk + ’7_1Idgk) ! o Lk> — ’y_lIdH (4.6)
k=1
and
. p . —1 -1
M'y(ka Bk)lgkgp = ((Z OékLz (¢] (Bk_l + fy_lldgk)_ O Lk) — ’y_lld}[> (47)
k=1

Resolvent mixtures were introduced in [6, Example 3.4], and subsequently studied in [5,12].
They are a particular case of resolvent compositions. Specifically, let G = @7 _, Gi, and set

L:H— Q: o (‘/O‘kka)lgkgp and B: Q — g: (yk)lgkgp —> (Bkyk)lgkgp. (48)

o *
Then L ¢ B = M., (L, Bi)1<k<p and L +B = M., (L, Bi)1<k<p- Further, as shown in [12,
Proposition 5.13(i)], M., (L, By )1<k<p graph converges to > ¥ _; ayLj o By o Ly as v — 0.

Example 4.2 (arithmetic, harmonic, and resolvent average) In the context of Example 4.1,
suppose that, for every k € {1,...,p}, Gy = H and L; = Idy. Then the arithmetic average
and the harmonic average are given, respectively, by

p p —1

L*oBoL=>) oyB, and L*D>B= (Z akBk_1> . (4.9)
k=1 k=1

An alternative averaging operation is the resolvent average, introduced in [4] and further

studied in [2,6,31], given by

P

1\ !
rav,Y(Bk)Kkgp:<Zak<Bk—|—7_11dH> > —~71Idy, where ~€]0,+00[. (4.10)
k=1

The resolvent average is as a special case of the resolvent mixtures [6, Example 1.3], to wit,

* <
M, (Id3, Bi)1<k<p = My (I3, Br)1<k<p = rava (Br)i<k<p- (4.11D)

It was established in [19, 22] that, when S§(#) is endowed with the Thompson metric d%
(see (4.49)), the averages (4.9) and (4.10) are nonexpansive. This property is important as it
ensures stability of the averaging processes and is particularly useful in the study of nonlinear
equations [19]. Further, in the finite-dimensional setting, [4, Corollary 4.6] shows that the
resolvent average is concave, and [4, Theorem 4.2] establishes, by means of a pointwise
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convergence proof, that the resolvent average interpolates between the arithmetic average
(0 < v — 0) and the harmonic average (v — +00).

Example 4.3 (weighted 7 #.7/-means) In the finite-dimensional setting of Example 4.2, a
family (£ (By)1< kgp)fy g Of means interpolating between the arithmetic average and the har-
monic average was introduced in [17] (see also [16]). These means, referred to as weighted
of #.7-means, are closely related to resolvent averages [17, Proposition 3.5] through the
ordering

ravy (Br)i<k<p < L1/4(Br)i<k<p < Z o By, (4.12)

p
k=1
and themselves interpolate between the arithmetic average (y — +oc) and the harmonic
average (7 — —oo) [17, Proposition 3.4].

The aim of this paper is to investigate the operations (4.3) and (4.4) when B € §(G).
We establish several new properties, including Léwner partial order relations, concavity, non-
expansiveness, and asymptotic behavior. This specific setting leads to new results that, in
particular, generalize the corresponding asymptotic properties in [12], as well as those of the
proximal average established in [4,17,19].

The remainder of the paper is organized as follows. In Section 4.2.2, we provide our
notation and necessary mathematical background. In Section 4.2.3, we present several new
properties of (L . B),¢)o,400[ @and (L 3 B).ej0,4+00[- In particular, these operations are concave
and

e LeB<IL*oBolL and LeB-—3L*oBolL as 0<~—0,

e I*>DB<LSB and LSB—L*D>B as v — +oo.
In Section 4.2.4, we show that the resolvent compositions are nonexpansive with respect to

the Thompson metric, in the sense that, for every A € §(G) and B € §(G),
dF(Le A, LeB) <dS(A,B) and d¥(L$ALSB)<dS(A,B). (4.13)

Finally, in Section 4.2.5, we introduce the geometric interpolation £ (L, B) (see (4.64)) be-
tween L*[> B and L* o B o L when L is an isometry, which generalizes the weighted o7 #.7—
means. We establish the partial order relations

L*'DB<L_y(L,B)SLeB<Ly,(L,B)xL 0Bol, (4.14)

and conclude by studying two nonlinear equations involving resolvent compositions.
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4.2.2 Notation and background

The space B (H,G) is endowed with the topology induced by the operator norm

(VL € B(H,G)) |IL||= sup |Lz|g. (4.15)

xe
=l <1

Let L € B(H,G). Then L is an isometry if L* o L = Idy. Further, L is bounded below if there
exists a € ]0,4o0| such that (Vx € H) «af|z|| < ||Lz|g. Equivalently, by [3, Fact 2.26], L is
bounded below if and only if L is injective with closed range. In particular, when # and G are
finite-dimensional, L is bounded below if and only if L is injective.

The quadratic kernel of A € P(H) is 24: H — R: 2 — (1/2)(x| Azx),,. The Legendre
conjugate of f: H — [—oo, +0o0] is the function

[ H = [—o0,+00]: a5 sup ((z|2%)y — f(x)), (4.16)
TEH

and the Moreau envelope of f: H — [—o0, +00] of parameter v € ]0, +-o00[ is
1 H = |00, +00]: @ > inf<f(z)+i||x—z\|2). 4.17)
’ z€H 2’}’ H

The set of proper lower semicontinuous convex functions from # to |—oo, +0oc] is denoted by
Io(H).Let L € B(H,G) and h: G — [—o0, +0oc]. The infimal postcomposition of h by L* is

L*D>h: H — [—o0,+00]: & +— ing h(y), (4.18)
ye
L*y=x

the proximal composition of » and L with parameter v € |0, +oo[ (see [6,9]) is

T Loy * - i 2
Lh= (v(h ) oL> 21 (4.19)
and the proximal cocomposition of h and L with parameter v € ]0, +oo[ is

Y

L3h=(L"S )" (4.20)

The following facts will be used subsequently.

Lemma 4.4 The following properties are satisfied:
(1) Let A € 8§(G). Then 2% = 24-1.
(i) Let Ac 8(G)and B € 8§(G). Then A< B< B 1 g AL
(iii) Let L € B(H,G), A€ P(G), and B € P(G). Then A B= L*ocAoL < L*oBolL.
(iv) Let A€ P(G) and B € P(G). Then A < B = || A|| < ||B].
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(V) Let (An)nen, (Bn)nen, 4, and B be self-adjoint operators in B (G) such that A, — A,
B, — B, and (Vn € N) A,, < By,. Then A X B.

Proof. (i)-(ii): See the proof of [3, Example 13.18(i)].

(iii): Let # € H. Since A X B, (x|L*(A(Lx)))y, = (Lz|A(Lz)); < (Lx|B(Lx))g =
(x| L* (B(La))) -

(iv): Since A and B are self-adjoint and 0 < A < B, we deduce from [3, Fact 2.25(iii)]
that

Al = sup [(Az|z)g| = sup (Az|z)g < sup (Br|z)g = sup [(Bz | x)g| = || BI|-

T zeg zeg T
llzllg<1 llzllg<1 llzllg<1 llzllg<1

4.21)

(v): Since A,, — A and B,, — B, convergence is in particular pointwise. Thus, for every

r€G,0< (x|(Bn— An)r)g — (7| (B — A)z)g. Hence, 0 < B — A or, equivalently, A < B.
O

Lemma 4.5 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let g € T4(G), and let v €
10, +00]. Then the following hold:

@ Ldg=(L'% ¢
(i) Leg<min{Ldg,goLl
(ii)) Set ® = (1/2)|| - |3 — (1/2)]| - I3, 0 L*. Then L ¢ g = (¢* +~®)* o L.
(iv) Set @ = (1/2)] - |3 — (1/2)] - 3,0 L*. Then Lé g = L* > (g + ®/7).
Proof. Recall that g = ¢** [3, Corollary 13.38].
(1): [9, Proposition 3.7(iii)].
(ii): [9, Proposition 3.20(ii)-(iii)].
(iii)—(iv): [9, Proposition 3.2(i)-(ii)]. O

Lemma 4.6 Let L € B(H,G) and B € P(G). Then the following hold:
(i) L*oBo L € P(H).
(i) 2oL = 2r+oBoL-
(iii) Suppose that B € 8(G) and that L is bounded below. Then L* o B o L € §(H) and
L*D> B € $(H).

Proof. (i): Take A = 0 in Lemma 4.4 (iii).

(ii): For every v € H, Z2p(Llz) = (1/2)(Lx|B(Lx)); = (1/2){z|L*(B(Lx)))y =
D1 oBoL(T).

(iii): Since B € 8(G), there exists a € ]0,+oo[ such that aldg < B. On the other hand,
since L is bounded below, there exists 3 € ]0, +oo[ such that 5%Idy, < L* o L. Therefore,

88



Lemma 4.4(iii) yields
(afHIldy < a(L*o L) = L* o (aldg)o L < L* o Bo L, (4.22)

ie., L* o Bo L € §(H). Similarly, L* o B! o L € §(H), which implies that L*[> B = (L* o
B loL)y"te§(H). O

Lemma 4.7 ([12, Proposition 3.3(ii)]) Let L € B (H,G), let B: G — 29, let vy € |0, +-oc[, and
set U =1Idg — LoL*. ThenLe B =L*o (B~ +~¥)loL.

Lemma 4.8 ([12, Proposition 3.4(i)]1) Suppose that L € B (H,G) is an isometry, let B: G —
29, and let € )0, +ocl. Then L$ B = L+ B.

4.2.3 Resolvent compositions

In this section, we study the resolvent cocomposition operators when B € §(G). We strengthen
several results obtained in [12], as well as those established specifically for the resolvent av-
erage in [4]. The results obtained include comparisons among the different composite opera-
tions, as well as an analysis of the asymptotic behavior of (L . B).e)o,+00[ and (L g B)€10, 400>
as the parameter ~ varies.

Proposition 4.9 Suppose that L € B (H,G) satisfies 0 < ||L|| < 1, let B € 8(G), and let
v € ]0,+oc]. Then the following hold:
() LeBePH).
() Le2p5=2,,.
(iii) Let A €]0,1]. Then T'y: 8(G) = P(H): A— L « A'is concave in the sense that

(VA€8(G) AMLeA)+(1—-N)(LeB)<Le(A+(1-NB). (4.23)

(iv) Suppose that L is bounded below. Then the following are satisfied:

(a) L+ BeS(H)and LS B € S(H).
Y
() L2 =2 4.
(c) Let A €]0,1[. Then R,: 8(G) -+ 8(H): A— L & A'is concave in the sense that

(VA€ S8(G) AML3A)+(1-N(LSB)<xLE(AMA+(1-NB). (424

Proof. Set U = Idg — L o L*. Since ||L|| < 1, ¥ € P(G), which yields B~! + y¥ € §(G). On the
other hand, recall from Lemma 4.7 that

LeB=L"o(B'4+40) ‘oL (4.25)
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(1): This follows from (4.25) and Lemma 4.6(i).
(ii): Set ® = (1/2)] - [z — (1/2)[| - |3, o L* and note that & = 2y. It follows from
Lemma 4.5(iii), Lemma 4.4 (i), Lemma 4.6(ii), and (4.25) that

Le2p=(25+79) oL
= (21 + 72y) oL
= Q*B*1+'y\11 oL
- QL*O(B*1+7\II)710L

=2 (4.26)

B
(iii): By (i), T’, is well defined. Further, for every A € §(G),

AMLeA)+(1 =N (LeB) < Le M+ (1-NB)
& (Vo e H) /\<(L2A)x‘:1:>%—|—(1—)\)<(LzB):p‘x>H < <(L1(AA+(1—A)B))x(:c>H

& (Ve H) A 4 (@) + (1 -N2 4. () <2, (4.27)

(L8A)+(1-2)(LsB) ().

Therefore, it is enough to prove that, for every z € H, the function 8(G) - R: A 2 - (x)
is concave. Set ® = (1/2)[|-]|Z —(1/2)]|-||3,o0L*. Because dom & = G, the identity (y®)* = &*/~
and [3, Proposition 15.2] imply that

(VA€ S(G)) (24++®)" =240(9*/7): G = |—00,+00]: 2 ;25(9,4(1/) + %(I)*(Z - y))

(4.28)
Thus, by virtue of (ii), Lemma 4.5(iii), and (4.28),
(VA€ S(Q)(YreH) 2,5, = (L+24)()
= (24 +7®)"(La)
. 1
~ inf (QA(y) (L y)). (4.29)

affinein A

Hence, for every x € #, the function 8(G) — R: A — 2.1 A(a:) is concave, as it can be
expressed as the infimum of affine functions.
(iv) (a): It follows from (4.25) and Lemma 4.6(iii) that L sB¢€ 8(H). On the other hand,
by (4.4) and applying the previous reasoning to B!, we obtain L$B = (LlpB_l)_1 € S8(H).
(iv)(b): By Lemma 4.5(i), Lemma 4.4(i), (ii), and (4.4),
1/ 1/

7 %\ * * "
L2y = (L 2p) = (L' 2p) =2, =2 =2y (430)
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(iv) (¢): It follows from Lemma 4.5(iv) and (iv) (b) that

(A€8(@) (v €0) 2,3,(@) = (L322)(@) = inf (2a0)+-00)  (43D)

L*y=z
affinein A
Thus, for every x € H, the function §(G) — R: A — 2.4 A(x) is concave. As a consequence,
as in the proof of (iii), R, is concave. [
The following example shows that, in the finite-dimensional setting, the resolvent compo-
sition admits a variational characterization. In particular, this holds for the resolvent average,
as established in [4, Proposition 2.8].

Example 4.10 (variational characterization) Suppose that  and G are finite-dimensional
and that L € B (H,G) is injective and satisfies ||L|| < 1, let B € 8(G), and let v € ]0, +o0].
Define

f:8(H) - R: X — —Indet(X +~ 'Idy) (4.32)

and
F:8(H) > R: X f(X)+(L*o(B+~ 'ldg) "o L|X), (4.33)

where det(X) denotes the determinant of X and (X | B) denotes the trace of X o B. Then
L4 B is the unique minimizer of F'. Proof. Let S(H) denote the set of self-adjoint operators on
H. Since S(H) — S(H): X — X + v~ '1dy, is affine, [3, Example 24.66 and Proposition 8.20]
show that f is convex, differentiable, and that (VX € 8§(H)) Vf(X) = —(X+~v~11dy)~ . Thus,
F is also convex and differentiable, being the sum of f and an affine function. Therefore, by
virtue of [3, Theorem 16.3 and Proposition 17.31(i)], it suffices to find the critical points of
F, that is, to solve VF(X) = 0. Altogether, Proposition 4.9(iv) (a) ensures that L SBe S(H),
and

VE(X)=0e —(X +77"dy) "+ L* o (B+~"1dg) oL =0
& X +y7dy = L* > (B 4+~ '1dg)
o X =L3B, (4.34)

which completes the proof. O

We now focus on Lowner partial ordering relations for resolvent compositions. These or-
dering relations will assist us in studying the convergence properties of resolvent compositions
L$ B and L+ B, as well as of the new interpolation L. (L, B) introduced in Section 4.2.5, as
~ varies.
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Proposition 4.11 Suppose that L € B (#H,G) satisfies 0 < ||L|| < 1, let B € 8(G), and let
v € ]0,+oc]. Then the following hold:

(i) Set§=1/(1++|BJ|). Then (L* o BoL) < L+ B <
(ii) Suppose that A € $(G) satisfies A < B. Then L
(iii) Let p € |0, +oc[ be such that p < ~y. Then L B <X Le

Proof Set U =1dg — L o L* and recall that L« B = L* o (B~! + )~ o L by Lemma 4.7.
(): Note that B < ||B|| Idg and that Lemma 4.4(ii) implies that Idg < ||B|| B~!. Since

0=V <Idg,
Bl B 44U < B! 441dg < (1++|B||) B7, (4.35)

and, by virtue of Lemma 4.4(ii),
-1 -1
0B < (B + ’y\Il) < B. (4.36)

Hence, we deduce from (4.36) and Lemma 4.4 (iii) that

9(L*ocBoL)<LeB=<L*0BolL. (4.37)

(ii): Since ¥ € P(G), A~' + ¥ and B~! 4 4V are in §(G). Further, by Lemma 4.4(ii) and
the fact that A < B, B~' 4+ ¥ < A~! 4+ ~W. Thus, (A~ ++¥)~! 5 (B~! +~W¥)~!, Altogether,
we deduce from Lemma 4.4(iii) that

LeA=L0(A 440) "o L L*o (B~ +4¥) 'oL=LsB. (4.38)

(iii): Note that B~! + ~V¥ and B~! + p¥ are in §(G) and that B~ + p¥ < B~! + 4.
Therefore, Lemma 4.4 (ii)-(iii) yields

LeB=L"0o (B +40) 'oL < L*o (B 4+ p¥) "o L=L%B, (4.39)
as claimed. O

Corollary 4.12 Suppose that L € B (#,G) is bounded below and satisfies | L|| < 1, let B € 8(G),
and let vy € |0, +00[. Then the following hold:
(i) Setw =1+ ||B~Y||/y. Then L* > B < L B < w(L* > B).
(i) Le B L3B.
(iii) Suppose that A € 8(G) satisfies A < B. Then L A <L S B.
B.

(iv) Let p € ]0,+o0| be such that p < . Then LB < L%

Proof. By Proposition 4.9(iv)(a), L $B e S8(H). Further, recall that (4.4) yields L B =
(L'8 B1)-1.
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(i): This follows from Lemma 4.4(ii) and Proposition 4.11(i) applied to B~! and 1/-.
(ii): By Proposition 4.9(ii), Lemma 4.5(ii), and Proposition 4.9(iv) (b),

o@BéLoo@B:QV . (440)

Therefore, L +B <L ¢ B.
(iii): This follows from Lemma 4.4(ii) and Proposition 4.11(ii) applied to B~! and 1/7.
(iv): This follows from Lemma 4.4(ii) and Proposition 4.11(iii) applied to B~! and 1/7.
O

Corollary 4.13 Suppose that L € B (#,G) is bounded below and satisfies | L|| < 1, let B € §(G),
and set k = |B|| ||B7Y|| and p = (1 + v/k)%. Then L* c Bo L < p(L* > B).

Proof. Set f:]0,+oo[ — ]0,+oco[: v — (1 4+ ~|B|)(1 + |[B~!||/v). By Proposition 4.11(i),
Corollary 4.12(ii), and Corollary 4.12(i),

(Vy €1]0,400]) L*oBoL < f(v)(L*> B). (4.41)

Since p = min,¢jg 40[ f(7), the assertion follows from (4.41). O

We now present the main result of this section. In contrast to [12, Propositions 5.8 and
5.12(i)], which establish graph convergence of resolvent compositions, the following theorem
provides asymptotic behavior of resolvent compositions in operator norm, which is stronger
than graph convergence and therefore offers additional stability properties.

Theorem 4.14 Suppose that L € B (H,G) satisfies 0 < ||[L|| < 1, and let B € 8(G). Then the
following hold:
() LeB—>L*oBoLas0<~— 0.

(ii) Suppose that L is bounded below. Then L B L* > Basy — +oo.

Proof. (i): Set (Vy € ]0,+oc[) 6, = 1/(1 +~|B|) and D, = (L* o Bo L) — (L + B). By

Proposition 4.11(i),
1-6,

0,

0< D, 4( >(L*oBoL). (4.42)

In addition, note that §, — 1 as 0 < v — 0. Therefore, it follows from (4.42) and
Lemma 4.4(iv) that

1-46
0,

1D, | g( ”) IL*oBoL||—0 as 0< v — 0. (4.43)

(ii): Set (¥ € ]0,+oc]) wy = 1+||B7Y||/y and D, = (L$B)—(L*[>B). By Corollary 4.12(i),

0< D, < (wy—1) (L*> B). (4.44)
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Also, note that w, — 1 as v — +oo. Therefore, we combine (4.44) and Lemma 4.4(iv) to
obtain
|Dy|| < (wy — 1) |[L* D> B|| =0 as 0 <~y — +o0, (4.45)

which completes the proof. 0O

Corollary 4.15 Suppose that L € B (H,G) is bounded below and satisfies | L|| < 1. Then the
operator R: 8(G) — 8(H): A L*[> A is concave in the sense that

(VA €]0,1[) (VA € 8(G)) (VB € 8(G)) AL*D>A)+(1—-N)(L*D>B) < L*D> (A +(1-A)B).

(4.46)
Proof. By Proposition 4.9(iv) (c), R,: 8(G) — 8(H): A— L $Ais concave, i.e.,
(VA €]0,1) (VA € 8(9)) (VB € 8(G)) AL A)+ (1 —A\)(LSB) < L*$ (AA+ (1 - \)B).
4.47)

Hence, letting v — +o0 in (4.47) and invoking Theorem 4.14(ii) together with Lemma 4.4(v),
we obtain (4.46). 0O

Remark 4.16 In the context of the resolvent averages of Example 4.2, Theorem 4.14 and
Corollary 4.15 generalize [4, Theorem 4.2 and Corollary 4.6], which were established in the
finite-dimensional context using different techniques.

Corollary 4.17 Suppose that L € B (H,G) is an isometry, and let B € $(G). Then the following
hold:

() (Vy€]0,+oo]) L*I>B<LeB<L*oBolL.
(i) LeB—L*oBoLas0<~— 0.
(iii) L+ B — L*> B asy — +oc.
Proof. Since L is an isometry, Lemma 4.8 yields L iB=L4+B.
(i): This follows from Proposition 4.11(i) and Corollary 4.12(i).

(ii): This follows from Theorem 4.14(i).
(iii): This follows from Theorem 4.14(ii). 0O

Corollary 4.18 (resolvent mixtures) Consider the setting of Example 4.1. Then the following
hold:

(1) M*y(le Bk)lskgp < Zi:l akL,’; o Bk o Lk.
(ii) M'y(kaBk)lgkgp — ZZ:1 OékLZ oBroLgas0<y—0.

(iii) Suppose that L; is bounded below for some j € {1,...,p}. Then the following are satisfied:

o *
(@) My (Ly, Bi)i<k<p € 8(H) and M (Ly, By)1<k<p € S(H).
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_ S
) (8, axlio By o L)~ < My(L, B)i<kep
<> —
(©) My(Lk, Bi)icksp = (Xhoy arLj o By o Ly) bas y — +oo.

Proof. Note that L* o Bo L =Y ¥ _ eyLjoByoLyand L*> B = (3 _; ayLj o B lo Lk)_l.
Further, if L; is bounded below for some j € {1,...,p}, then L is also bounded below. Indeed,
there exists a € |0, +oo| such that (Vo € H) al|z|» < |Ljz|g,. Thus, L is bounded below
since

6 2 V2 212 \ /2 1/2
(Ve eH) |Lzllg = (D cllLxl, ) = (%’04 H$HH> = (o a)llzlln.  (4.48)
k=1

(i): This follows from Proposition 4.11(i).

(ii): This follows from Theorem 4.14(i).

(iii) (a): This follows from Proposition 4.9(iv) (a).

(iii) (b): This follows from Corollary 4.12(i).

(iii) (¢): This follows from Theorem 4.14(ii). 0O

We conclude this section by deriving a result that recovers and extends [4, Theorem 4.2],
which was proved in the finite-dimensional setting.

Corollary 4.19 Consider the setting of Example 4.2. Then the following hold:
@ (zizl O‘kBk_l)_l < ravy (Br)ick<p < Z£:1 oy By.
(i) ravy(Bg)i<k<p = > heq kB as 0 <~y — 0.

-1
(i) ravy(By)i<kep = (Shoy By ') asy — +oc.

Proof. Recall that rav, (By.)1<pep = M (I3, B )1cpep = M (Idz, Bi)1cpey-
(i): This follows from items (i) and (iii) (b) in Corollary 4.18.
(ii): This follows from Corollary 4.18(ii).
(iii): This follows from Corollary 4.18(iii)(c). O

4.2.4 Nonexpansiveness of resolvent compositions

In this section, we build on the results of Section 4.2.3 to prove that the resolvent composition
operations are nonexpansive with respect to the Thompson metric [30] on 8(#), defined by

(VA€ 8(H)) (VB € 8(H)) di*(A,B) =In(max{g(4, B),g(B,A)}), (4.49)

where g(A4, B) = inf{\ € ]0,+o0[ | A < AB}.

The Thompson metric was originally defined on cones in Banach spaces [30]. Since S(H) is
contained in the cone of monotone self-adjoint operators on B (H), which is closed and hence
complete in the operator norm topology, and since every A € S(H) satisfies aldy < A <
|A||Id4 for some a € ]0,+oc], it follows from [30, Lemma 3] that (S(#), d}) is a complete
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metric space. The metric d%* provides a geometric structure on §(#) that plays a central role in
the study of nonlinear matrix equations, especially for establishing existence and uniqueness
results via Banach contraction mappings [23-26], and in various applications to nonlinear
optimization [13, 21, 27]. In this context, the nonexpansiveness of resolvent compositions
is crucial, as it ensures that the resulting operations preserve both the metric structure and
the stability necessary for analysis. For instance, in Section 4.2.5, we present two nonlinear
equations based on resolvent compositions that admit unique solutions.

Theorem 4.20 Suppose that L € B (H,G) is bounded below and satisfies |L|| < 1, and let
v € ]0,+o0]. Then the following hold:
() T,: (8(9),dS) — (S(H),d}): B~ L+ B is nonexpansive, i.e.,

(VA€ 8(9))(VBeS(G) dF(L+A LeB)<di(AB). (4.50)
(i) R,: (8(G),d%) — (S(H),d}#): B —~ L $ B is nonexpansive, i.e.,

(VA€ 8(G))(VBeS(G)) d}(L3A LSB)< (A, B). (4.51)

Proof. Let A and B be in 8(G), and set g(A, B) = inf{\ € ]0, +oo[ | A < AB}.
(i): Note that the operator T’ is well defined by Proposition 4.9(iv) (a). By virtue of (4.49),

A< etAB B (4.52)
On the other hand, it follows from [12, Proposition 3.1(vi)] and Proposition 4.11(iii) that
(Vpe [1,+00]) Le(pB)=p(L¥ B) < p(L+ B). (4.53)

Since ¢%7(4.B8) > 1, we combine Proposition 4.11(ii), (4.52), and (4.53) to obtain

LeAx Le(eTABIB) 5 AP (L3 B), (4.54)
In turn,
g(L$ A, L+ B) =inf{\ €10, 400 | L4 A< A(L ¢ B)} < 4B, (4.55)
By the same argument,
g(Ls B, L+ A) < B (AB), (4.56)

Altogether, it follows from (4.49), (4.55), and (4.56) that
d#(Le A, LeB)=max{Ing(L+ A, L+B),Ing(LeB,L+A)} <d%(A,B). (4.57)

(ii): Note that R, is well defined by Proposition 4.9(iv)(a). Since d%(A, B) =
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dg(A_l, B~1), we deduce from (i) and (4.4) that

PHLIALIB) = (LY ALV B <dd(A B = dS(A,B),  (458)

as announced. 0O

Corollary 4.21 Suppose that L € B (#H,G) is bounded below and satisfies || L|| < 1, and let
v € ]0,+o0]. Then the following hold:

@ Tv: (8(9),d5) — (S(H),d}¥): B~ L* o Bo L is nonexpansive.

(i) Rico: (8(G),d5) — (S(H),d}t): B~ L*[> B is nonexpansive.

Proof. By Lemma 4.6(iii), the operators §(G) — 8(H): B+ L*oBoLand 8(G) — 8(H): B
L* > B are well defined.

(i): This follows from Theorem 4.20(i) and Theorem 4.14(i).

(ii): This follows from Theorem 4.20(ii) and Theorem 4.14(ii). O

Corollary 4.22 Consider the setting of Example 4.1. Suppose that L; is bounded below for some
Jj€{1,...,p} and that, for every k € {1,...,p}, Ay € 8(Gi), and set A: G = G: (Yr)1<k<p —
(Aryr)1<k<p- Then

o <&
d (Mw(Lk,Ak)lgkgp, MW(Lk,Bk)Kkép) < d§(A,B) = fgflgpdgk (Ax, Br,) (4.59)
and
d¥<Mv(Lk7Ak)1<k<pa Mv(LkaBk)1<k<p> < d7(A,B) = max dg, (A, Br). (4.60)

In other words, the resolvent mixtures are nonexpansive for the Thompson metric.
Proof. It is straightforward to verify that d%(A, B) = [max dg, (A, Bi). On the other hand,
PP
<& *
LA = M., (L, Ak )1<k<p and L ¢ A= M., (L, Ak )1<k<p- Hence, the assertion follows from
Theorem 4.20. O

Corollary 4.23 ([19, Theorem 3.5]) Consider the setting of Example 4.2. Suppose that, for
every k € {1,...,p}, A, € 8(H), andset A: G = G: (yi)1<k<p — (ArYk)1<k<p- Then

A2t (rava (Ag)1<keps ravy (Br)1<kep) < di(A, B). (4.61)

In other words, the resolvent average is nonexpansive for the Thompson metric.

Proof. Since rav.(Ag)1<k<p = My(Idy, Ak)1<k<p, the conclusion follows from Corollary 4.22.
a
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4.2.5 Geometric means and nonlinear equations

Let A € 8(G). Since A is strongly positive, there exists o € ]0,+oo[ such that aldg < A.
Consequently, the spectrum o(A) is contained in the compact interval [, ||Al|] (see [28, The-
orem VL6 and Problem VII.12]). Hence, for every t € R, the function f;: o(A) — R: A — A
is well defined and continuous, and the operator f;(A) = A! is therefore defined according to
the continuous functional calculus (see [28, Section VII]).

Given A € 8§(G) and B € §(G), an important instance of Kubo-Ando’s operator means [18]
is the t-weighted geometric mean [1,19,22,26] of A and B, defined by

t
(Vt € [0,1]) A#.B=AY2o (A—1/2 6Bo A—1/2> o AV2, (4.62)

From a geometric viewpoint, the curve ¢ — A#;B describes a minimal geodesic between A
and B with respect to the Thompson metric (see, e.g., [22, Lemma 2.2(iv)]), in the sense that

(Vt € [0,1])(Vs € [0,1]) d(A#.B, A#sB) = |t — s| d5.(A, B). (4.63)

In particular, the geometric mean A#B = A#,,,B is the metric midpoint of the arithmetic
mean (A + B)/2 and the harmonic mean 2(A~! + B~!)~! for the Thompson metric (see
[11,20]).

The following result introduces a new interpolation between L*[> B and L* o B o L, which
generalizes the weighted .7 #.7#-mean discussed in Example 4.3.

Proposition 4.24 Suppose that L € B (H,G) is an isometry, let B € §(G), and let v € |0, +o<|.
Define
L,(L,B) = (L*o (B +7ldg) o L)#(L* > (B + ~1dg)) — ~1dy (4.64)

and
-1
L_(L,B)= (a,y (L, B—l)) . (4.65)

Then the following hold:
() L*>B < L_(L,B) < LeB < Ly,(L,B) < L*oBo L.
(ii) £(L,

)— L*oBoLas~y— +oc.
(iii) £,(L,B)

B
B) —» L*> Basy— —o.

Proof. (i): Since L is an isometry, L* o . = Idy and Lemma 4.8 yields L B =1L+B. By
Corollary 4.17(i), (4.64), and the fact that B#B = B,

L1/5(L, B) < (L0 (B 477 'ldg) o L)#(L" o (B + 77 'ldg) o L) — 7~ '1dy
= (L* o (B+~ 'dg) o L) — v '1dy,
:L*OBOL+7_1(L*OL_IdH)
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= L*oBolL. (4.66)
Similarly, (4.3), Corollary 4.17(i), and (4.64), imply that
LB =L*D> (B+~ '1dg) — v '1dy
= (L*D> (B+~ '1dg))#(L* D> (B+ v '1dg)) — v '1dy
< (L* o (B+~7"Idg) o L)#(L* > (B + v '1dg)) — v '1dy
= Ly,,(L, B). (4.67)
Thus, (4.66) and (4.67) yield
LeB<Ly,(L,B)<L*0BolL. (4.68)

On the other hand, by virtue of Lemma 4.4(ii), (4.68) applied to B~! and 1/, (4.64), and
4.4),

L'DB=(L*oB 'oL) ' gL (L,B) ' =L (L,B)< (L B '=L3dB=LeB

Hence, the result follows from (4.68) and (4.69).
(ii): This follows from (i) and Corollary 4.17(ii).
(iii): This follows from (i) and Corollary 4.17(iii). O

Remark 4.25 Note that the operator £, (L, B) is a type of weighted geometric mean that
interpolates between the parallel composition L*[> B (y — —o0) and L*o Bo L (y — +00). In
the particular case where L and B are defined as in Example 4.2, L*oBoL = Z£:1 oy By, is the
arithmetic average, L*D>B = (>7_, cw. By, 1) ~!is the harmonic average, and £ (L, B) reduces
to the weighted <7 #.7¢ -mean with parameter - of Example 4.3, with Proposition 4.24(ii)—(iii)
recovering [17, Proposition 3.4].

We now focus on nonlinear equations that are based on resolvent compositions. The non-
expansive nature of these operations, as shown in Section 4.2.4, will play a key role in our
subsequent analysis.

Proposition 4.26 Suppose that L € B (H,G) is bounded below and satisfies |L|| < 1, let B €
8(G), let v €10, +oc], and let t € ]0,1[. Set

0: (8(G),d9) — (S(H),d): X — L+ (X#:B). (4.70)
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Then the following hold:
(1) ¢is (1 —t)-Lipschitzian.
(ii) Suppose that H = G. Then the problem

find X €8(H) suchthat X =Le(X#B) (4.71)

admits a unique solution.

Proof. (i): It follows from Theorem 4.20(i) and [22, Lemma 2.2(iii)] that

(VX €8(9)) (VY €8(G)) df(p(X),p(Y)) = dF#(L s (X#:B),L+(Y#B))
< d(X#:B,Y#B)
< (1 -1)dd(X,Y) + td%(B, B)
= (1 —t)d5(X,Y). (4.72)

(ii): Since d% is a complete metric on 8§(#), (i) and the Banach-Picard theorem [3, The-
orem 1.50] ensure that ¢ admits a unique fixed point, i.e., (4.71) admits a unique solution.

a

Remark 4.27 Let X € 8§(#) be the unique solution to (4.71). Since (X#,B)™! = X~ 14,B~!

and L+ B = (L o /7 B~1)~!, we note that X! is the unique solution to the problem

find Y € 8(H) suchthat Y = L' (Y#t b, (4.73)

Proposition 4.28 Suppose that L € B (H,G) is bounded below and satisfies |L|| < 1, let B €
8(G), let v €10, +o0], let t € |—1,1], and set

0: (8(G),d9) — (S(H),d}): X — L+ (B*oX'oB). (4.74)

Then the following hold:
(i) ¢ is |t|-Lipschitzian.
(ii) Suppose that H = G. Then the problem

find X € 8(H) suchthat X =Le(B*oX'oB) (4.75)

admits a unique solution.

Proof. Since B € 8(G), for every X € 8(G), B* o X! o B € §(G). Hence, ¢ is well defined by
virtue of Proposition 4.9(iv) (a).

100



(i): Let X € 8(G) and Y € 8(G). By [22, Lemma 2.2(i)],
d%.(B* o X' o B,B* o Y'0 B) = d%,(X*!, Y?t) = ad.(x ! yl).
Thus, combining Theorem 4.20(i), (4.76), and [22, Lemma 2.2(iii)],

df(Le (B oX'oB),Le(B*oY'0B)) <

(Idg# 4 X, Idg#Y)
< [td§(X,Y).

(ii): This follows from (i) and the Banach-Picard theorem. 0O

(4.76)

4.77)

Corollary 4.29 Consider the setting of Example 4.1. Suppose that L; is bounded below for some
je{l,...,p} and that, forevery k € {1,...,p}, Gr = H, and let s € |0, 1[ and t € |—1,1[. Then

the problems
find X € 8(H) suchthat X =M, (Ly, X#By)

1<k<p

and
find X € 8(H) suchthat X =M, (Ly, B o X' o By)

1<k<p

admit unique solutions.

Proof. Set R: 8(H) — 8(G): X — X, where X: G — G: (yr) — (Xyr)1<k<p, and set
p1: (8(9),df) — (S(H), dff): X = Lo (X#,B)

and
v2: (8(G),d9) — (S(H),d¥): X — L+ (B*oX'oB).

Note that (VA € ]0, +o0]) X < AY = X < AY. Thus,
g(X,Y) = inf{)\ €10, 4o00[ | X X )\y} < inf{)\ €10,4o00[ | X =% )\Y} =g(X,Y),
and it follows from (4.49) that

d7(R(X), R(Y)) = d3(X.,Y) < d(X.Y).

(4.78)

(4.79)

(4.80)

(4.81)

(4.82)

(4.83)

Now, given that R is nonexpansive, Propositions 4.26(i) implies that ¢; o R is (1 — s)-

Lipschitzian, whereas Proposition 4.28(i) implies that 9 o R is |t|-Lipschitzian. Further, since
X#B: G — G: (yr)1<k<p — ((X#SBk)yk)lgkgp and B*o X'oB: G — G: (Yk)1<k<p —
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((Bf o X' o By)y) we deduce that

1<k<p’
p10T: S(H) = S(H): X =3 L3 (X#:B) = My(Li, X4 Bi)1<key (4.84)
and
30T S(H) = S(H): X +3 L+ (B*0 X' 0 B) = My(Ly, Bf 0 X' 0 By)1chep.  (4.85)

Altogether, it follows from the Banach-Picard theorem that ¢, o 7" and 9 o T' admit unique
fixed points, i.e., the problems (4.78) and (4.79) admit unique solutions. 0O

Corollary 4.30 Consider the setting of Corollary 4.29. Then the problems

p
find X €8(H) suchthat X =) ayLjo (X#By)o Ly (4.86)
k=1
and )
find X €8(H) suchthat X = ayLjo(BjoX'oBy;)o L (4.87)
k=1

admit unique solutions.

Proof. As shown in the proof of Corollary 4.29, the operators

*

S(H) — S(H) X — Mﬁ/(LkaX#sBk)lgkgp (488)

and
S(H) — S(H): X = M. (L, Bf.o X' 0 By)ichen (4.89)

are (1— s)-Lipschitzian and |¢|-Lipchitzian, respectively. Therefore, by virtue of Lemma 4.6(iii)
and Corollary 4.18(ii), letting v — 0, we deduce that operators

p
S(H) = 8(H): X = > apLio (X#:Bx) o Ly (4.90)
k=1
and )
S(M) = 8(H): X = > axLio(BfoX'oBy)oLy (4.91)
k=1

are well defined and are (1 — s)-Lipschitzian and |¢|-Lipchitzian, respectively. Finally, the con-
clusion follows from the Banach-Picard theorem. 0O

Corollary 4.31 ([19, Theorem 4.2]) Consider the setting of Example 4.2, and let s € 0, 1] and
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t € |—1,1[. Then the problems
find X € 8(H) suchthat X = ravy(X#By)i<k<p (4.92)

and
find X € 8(H) suchthat X =rav, (B} o X" o By)i<kep (4.93)

admit unique solutions.

Proof. A direct consequence of Corollary 4.29. 0O

Corollary 4.32 ([22, Theorem 3.1]) Consider the setting of Example 4.2 and let s € ]0,1].
Then the problem

p
find X €8(H) suchthat X = cp(X#By) (4.94)
k=1
admits a unique solution.

Proof. A direct consequence of Corollary 4.30. 0O
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Chapter

PROXIMAL COMIXTURE
MINIMIZATION MODELS FOR IMAGE
RECOVERY AND DATA ANALYSIS

5.1 Introduction and context

This chapter addresses question (Q4) of Chapter 1. We propose an alternative minimization
model based on proximal comixtures.
This chapter presents the following journal article:

P L. Combettes and D. J. Cornejo, Proximal comixture minimization models for
image recovery and data analysis, submitted.

5.2 Article: Proximal comixture minimization models for image
recovery and data analysis

Abstract. In minimization models for image recovery and data analysis problems, loss func-
tions and linear operators are typically aggregated as an average of composite terms. Each
term in the aggregate models a desired property of the ideal solution arising from the a priori
knowledge and the observed data. We propose an alternative minimization model based on
proximal comixtures, an operation which combines functions and linear operators in such a
way that the proximity operator of the resulting function is computable explicitly in terms of
the individual proximity and linear operators. The mathematical properties of this operation
are analyzed and comparisons between proximal comixtures and standard composite averages
are made. Numerical illustrations of the benefits of minimization models based on proximal
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comixtures are provided in the context of image recovery and machine learning applications.

5.2.1 Introduction

The objective of image recovery and, more broadly, of various tasks in the areas of inverse
problems and data analysis is to determine the value of a mathematical object (an image,
a signal, a set of parameters, a distribution, a covariance matrix, a spectrum, etc.) convey-
ing information of interest using experimental measurements and some a priori knowledge
(data formation model, properties of the target solution, etc.). Over the past 60 years, convex
optimization has established itself as one of the most reliable and efficient framework to for-
mulate, analyze, and solve such problems [1,11,19, 21, 22,24, 26,30, 37,43]. One typically
aims at minimizing an aggregation of convex loss functions that model individually the de-
sired properties of the ideal solution arising from the a priori knowledge and the observed
data. The assumptions underlying the minimization models to be discussed are the following
(see Section 5.2.2 for notation).

Assumption 5.1 # is a real Hilbert space with scalar product (-|-),,, associated norm || - |3,
and quadratic kernel 2y = |- ||3,/2, f € To(H), and h: H — R is a convex and differentiable
function with a ~!-Lipschitzian gradient for some 3 € ]0,+oc[. Further, 0 < p € N and, for
every k € {1,...,p}, Gy is a real Hilbert space, gi, € I'o(Gx), and 0 # Ly: H — Gi is a bounded
linear operator. Finally, (c)1<k<p are weights in |0, +oo[ which satisfy >F_, | Li||* < 1.

The most prevalent minimization framework in data analysis consists in minimizing an
objective function which aggregates the loss functions (gj;)1<k<, and the linear operators
(Lk)1<k<p by means of a standard composite averaging operation as follows.

Problem 5.2 Under Assumption 5.1, the task is to

miniG%ize f(@) + (cav(gr, Li)1<k<p) (z) + h(z), (5.1)
xT
where
p
cav(gr, Li)1<k<p = Y _ kg © Ly (5.2)
k=1

is the standard composite average of (gi,)1<k<p and (Ly)1<k<p-

An alternative way to aggregate the functions (g )1<xr<, and the linear operators (Lj)1<k<p
is via the proximal comixture operation. This operation is derived from the proximal mixture
operation recently introduced in [15] by duality, and it is further studied in [8, 17]. The
main objective of the present paper is to propose the use of this aggregation process as an
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alternative to the standard composite average of Problem 5.2. This brings us to the following
minimization model, which involves the conjugation operation of (5.12).

Problem 5.3 Let v € |0, +oo[. Under Assumption 5.1, the task is to

minimize f(x) + (pem. (g, L) 1<k<p) () + (), (5.3)
where
p " * *
pem (gk, Li)1<k<p = <<Z o (QZ + ’Ye@gk) ° Lk> - %%1) (5.4
k=1

is the proximal comixture of (gi)1<k<p and (Ly)1<k<p With parameter .

Let us make some observations about these two formulations to motivate the latter.

* Both Problems 5.2 and 5.3 can be viewed as relaxations of the ideal feasibility problem

x € Argmin f
find = € H such that (Vk € {1,...,p}) Lyx € Argmin g, (5.5)

x € Argmin h,

which aims at imposing all the desired properties exactly and hence at minimizing all
the loss functions simultaneously. However, the set

p
Z = Argmin f N <ﬂ L;l(Argmin gk)> N Argmin h (5.6)
k=1

of solutions to (5.5) is typically empty and, as will be seen in Remark 5.11(ii), both
Problems 5.2 and 5.3 are relaxations of (5.5) in the sense that, if Z # @, then Z is the
set of solutions of these two problems.

* The aggregation in Problem 5.2 may not be robust to perturbations. For instance, let us
consider the special case when f = 0, h = 0, and, for every k& € {1,...,p}, Gx = H,
L, = Idy, and g, is the indicator function of a nonempty closed convex set C}, C H.
This reduces (5.1) to )

find 2z € (1) Cx, (5.7)

k=1

which happens to coincide with (5.5) in this case. If the sets (C})1<x<p are not specified
exactly, no solution may exist [10, 14]. However, it will follow from Remark 5.11(i)
that the solutions to Problem 5.3 minimize the average squared distance to the sets.
Such solutions are classical surrogates in inconsistent feasibility problems [14], which
go back to Legendre’s least-squares method for systems of linear equations [32]. They
exist under mild conditions, such as the boundedness of one of the sets.
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* Problem 5.2 involves a simple aggregation process by averaging. However, the nons-
mooth function (5.2) has no explicit proximity operator, and solving (5.1) therefore calls
for sophisticated proximal splitting methods to decompose the p functions (g )1<x<p and
the p linear operators (L )1<k<p individually [16]. Overall, solving Problem 5.2 requires
the splitting of 2p + 2 terms, which can be expected to lead to algorithms that are slower
and necessitate more memory storage than those that would split less terms. By con-
trast, the aggregated function (5.4) in Problem 5.3 is less intuitive but, as will be seen in
Proposition 5.10(ii), its proximity operator can be computed explicitly in terms of those
of the functions (gx)1<k<p and of the linear operators (Ly)1<k<p as

p
prOX'chm—y(gkva)lgkgp = IdH — Z akLz o (Idg,C — proxygk) o Lk. (58)
k=1

In turn, solving Problem 5.3 requires the splitting of only 3 terms.

* In the special case when Y ?_,ax = 1 and, for every k € {1,...,p}, Gr = H and
Ly, = 1dy, the proximal comixture of (5.4) reduces to the proximal average

*

pav, (gk)1<k<p = <<§p: ay (9;’2 +7°@H>*>* —%%) ; (5.9

k=1
and (5.8) gives

P
prOX“fPaV (9r)1<k<p Z Ak PTOXyg, - (5.10)

This aggregation process has been implicitly introduced in [35], extensively studied in
[6], and used in data analysis problems in [2, 13,29, 34,40,45], where its benefits over
the standard average

p
ave(gr)1<hap = Y kGk, (5.11)
k=1

are discussed.

* Formally, evaluating (5.4) at v = 0 gives back (5.3). This connection will be made
mathematically precise in Theorem 5.13, where we study the asymptotic behavior as
v 0.

Notation and background are provided in Section 5.2.2. In Section 5.2.3, we study the
mathematical properties of proximal comixtures and investigate connections between Prob-
lems 5.2 and 5.3. Section 5.2.4 is devoted to algorithms for solving Problems 5.2 and 5.3.
Finally, Section 5.2.5 provides numerical illustrations of proximal comixture models in con-
crete signal restoration, image reconstruction, and linear regression problems.
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5.2.2 Notation and background

Throughout, H is a real Hilbert space with power set 27, identity operator Idy, scalar prod-
uct (- | -),, associated norm ||-||,,, and quadratic kernel 23, = ||- H?—z /2. For background on
nonlinear analysis in Hilbert spaces, see [5].

Let ¢: H — [—00, +oc]. The conjugate of ¢ is

"1 M — [—o00,400]: ¥ > sup ((z | z*),, — (). (5.12)
TEH

If inf ey o(y) > —o0 and € € [0, +o0|, the set of e-minimizers of ¢ is
e-Argminp = {z € H | p(z) < 12755 o(y) +e}. (5.13)
y

In particular, the set of minimizers of ¢ is Argmin ¢ = 0-Argmin . If Argmin ¢ is a singleton,
its unique element is denoted by argmin,,, ¢(x). Moreover, ¢ is proper if —oco ¢ ¢(#) and
domp = {z € H | p(z) < +o0} # @. If ¢ is proper, its subdifferential is

Op: H— 2"z {z"eH|(VyeH) (y—z|a*)y+ o) <)} (5.14)
Let v € |0, +o0o[. Then the (lower) Moreau envelope of ¢ with parameter - is

. 1
lenv, p: H — [—00, +00]: x> ;275 (gp(y) + ;Q}[(ZL’ - y)), (5.15)

and the upper Moreau envelope of © with parameter - is

1
uenvy ¢: H — [—o0,+00]: z sug (cp(y) — ;Qy(x - y)) (5.16)
ye

Given p € R, I',(H) denotes the class of proper lower semicontinuous functions ¢: H —
|—00, +00] such that ¢ + p2y is convex. The proximity operator of ¢ € T'y(H) is

prox,: H — H: x> argmin, s (o(y) + 2u(z — y)) (5.17)
and it is characterized by
(Vz e H)(VpeH) p=prox,z < x—pé€dp(p). (5.18)
An operator T': ‘H — H is y-cocoercive if
(Ve eH)VyeH) (z—y|Tz—Ty)y =Tz — Tyl (5.19)

Let C' C H. Then the indicator function of C' is denoted by ¢ and the distance function to C'
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is denoted by d¢. If C' is nonempty, closed, and convex, its projection operator is denoted by
proj.. The closed ball with center = € H and radius p € ]0, +o0[ is denoted by B(z; p).
The following results will be useful.

Lemma 5.4 Let ¢ € I'g(H) and let v € |0, +o00|. Then the following hold:
(@) lenv, ¢ = (¢* + WQH)*-
(i) uenvy p = (¢* —72%)".

Proof. Recall that, since ¢ € I'g(#H), ¢*™* = ¢ [5, Corollary 13.38].

(i): This follows from [5, Proposition 14.1].
(ii): Apply [27, Theorem 2.2] with ¢ = ¢* and h = 2. 0O

Lemma 5.5 ([7, Lemma 3]) Let ¢: H — |—o0, +0o0] be proper and let v € ]0,4oc[. Then the
following are equivalent:

(i) uenvy (lenvy @) = .

(i) ¢ € Ty (H).

Lemma 5.6 Let ¢: H — R be continuous and convex, and let vy € ]0, +oc[. Then the following
are equivalent:

() lenv, (uenv, ¢) = ¢.
(i) —p €Ty (H).
(iiD) (uenvy, ) = ¢* — v 2y.

(iv) uenv, ¢ € T'o(H), ¢ is Fréchet differentiable, and prox =1Idy — V.

¥(uenv, ¢)
(V) o is Frechet differentiable and Vo is ~-cocoercive.

(vi) ¢ is Fréchet differentiable and V is v~ '-Lipschitzian.

Proof. It follows from (5.15) and (5.16) that lenv, ¢ = —uenv, (—¢). Therefore,
lenv, (uenv, ) = —uenv, (—uenv, ¢) = —uenv, (lenv, (—¢)). (5.20)

()=(i): By (5.20), uenv, (lenv, (—¢)) = —¢. Thus, Lemma 5.5 yields — € I'; /., (H).

(i)=-(iii): By [5, Proposition 14.2], ¢* € TI'_,(#). Thus, the result follows from
Lemma 5.4(ii) and [5, Corollary 13.38].

(iii)=-(iv): Since ¢ € T'o(H), [5, Corollary 13.38] asserts that ¢* € I'g(*H ), which implies
that uenv, ¢ is proper. In turn, it results from [5, Proposition 13.13] and Lemma 5.4(ii) that
uenvy ¢ € I'g(H). Thus, we derive from Lemma 5.4(i) and [5, Corollary 13.38] that

lenv, (uenv, ) = ((uenv7 ®)" + ’737.[)* = ((gp* —v9y) + %@H)* =™ =¢p.  (521)
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Hence, [5, Proposition 12.30] guarantees that ¢ = lenv, (uenv, ¢) is Fréchet differentiable
and that Vi = 7" (Idy — Prox (yeny, ))-

(iv)=-(v): This follows from [5, Proposition 12.28].

(v)=-(vi): This follows from (5.19) and the Cauchy-Schwarz inequality.

(vi)=-(i): It follows from the equivalence (i)<(vi) in [5, Theorem 18.15] that —¢p €
I'y/,(H). We therefore deduce from Lemma 5.5 that uenv, (lenv, (—¢)) = —¢. We conclude
via (5.20). O

Remark 5.7 The functions lenv, ¢ and uenv, ¢ are, respectively, the infimal and the supremal
convolutions of ¢ and 24 /~. In [28, Definition 2.4], uenv, ¢ is called the deconvolution of
¢ by 24 /~. Furthermore, when v < p, the functions lenv, (uenv, ¢) and uenv, (lenv, ) are
known as the Lasry-Lions regularizations of o, which were introduced in [31] and further
studied in [4, 7, 38, 41], whereas lenv, (uenv, ¢) is called proximal hull of ¢ in [38, Exam-
ple 1.44].

5.2.3 Properties of proximal comixtures

Throughout this section, Assumption 5.1 is in force. Recall from (5.2) that the associated
standard composite average is

p
cav(gr, Lk)1<k<p = Y @kgk © L, (5.22)
k=1

and from (5.4) that the associated proximal comixture with parameter v € |0, 40| is

*

p % *
pem, (gk, Lk )1<k<p = ((Z ag <9}§ + %@gk> o Lk) - %%{) : (5.23)

k=1
We first provide reformulations of the proximal comixture of (5.23) in terms of the Moreau
envelopes of (5.15) and (5.16) (see Fig. 5.1), and then in terms of the proximal average of

(5.9) and of the following proximal cocomposition operation. These connections will not only
shed new light on proximal comixtures but also play a role in forthcoming proofs.

Definition 5.8 ([15]) Let G be a real Hilbert space, let g € I'g(G), and let L: H — G be a
bounded linear operator. The proximal cocomposition of g and L with parameter v € |0, +o0|
is

*

ng: <<(g*+’yo@g)*oL>*—’yo@H> ) (5.24)

Proposition 5.9 Let vy € |0, +00|. Then the following hold:

() pem, (g, Li)1<k<p = uenvy 37 ag(lenv, g) o Ly.
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Figure 5.1 (left): Standard composite average (5.22). (right): Proximal comixture (5.23) in terms of
the Moreau envelopes of (5.15) and (5.16) using Proposition 5.9(i).

(ii) Suppose that Y _ ap = 1 and maxi<x<pl||Li|]| < 1. Then pcm,y(gk,Lk)Kkgp =
v
pavV(Lk . 9k)1<k<p'

(iii) Let G be the standard product vector space ngl Gy, with generic element y = (yx)1<k<p

and equipped with the scalar product

P
. / /
(1Yg: @,9) = > anlur | ¥ig, (5.25)
k=1
and set
L:H—=G:xw (Lpx)icksy and g: G — |—00,+00]: y Zakgk(yk). (5.26)
k=1
Then pem. (gx, L) 1<k<p = L % g.
Proof. Set p = ¥ _; ay(lenvy g) o Ly. By virtue of [5, Proposition 12.30],
12
Vo =— Z ay Ly o (Idg, — prox. . ) o L. (5.27)
k=1

However, > ¥ _, ay||Lx||* < 1 by Assumption 5.1 and [5, Proposition 12.28] asserts that the

operators (Idg, — prox. , )i<k<p are nonexpansive. Therefore, (5.27) implies that Vi is y1-

Lipschitzian.
(1): We derive from (5.23) and Lemma 5.4(i)—(ii) that

pem. (gi, Li)1<kep = (¢* —723)" = ueny, o. (5.28)
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(ii): It follows from [17, Proposition 3.13(ii)] that (VA& € {1,...,p}) lenv, (Lkzgk) =
(lenv, gy ) o Li. Therefore, (i), Lemma 5.4(i)-(ii), and (5.9) yield

Pcmy(gk, Li)1<k<p = uenvy ¢

p
= ueny, (Z Oéklel'lny (Lk ;Y gk))

k=1
p 5 * *
= ((Z ailenv, (Lkogk)> —’YQH>
k=1
= pav, (L zgk)lgkgp. (5.29)
(ii): Since | - [3: G — Riy = Y7 oxlwklg,, lenv,g: G — Riy

SF_, ai(lenvy gi)(yx). Therefore, (lenv, g)oL = Y"7_ aj(lenv, gy )o Ly, and the result follows
from (i), items (ii) and (i) in Lemma 5.4, and (5.24). O

Proposition 5.10 Let vy € |0, +oo]. Then the following hold:
(D pem. (gk, Li)1<k<p € To(H).
(i) PrOXspem (g4 Lidicrey = Idy, — 325y awLy o (Idg, — prox, g, ) o Ly.
(iii) Suppose that one of the following is satisfied:
(@) Y0, anl| L2 < 1.
(b) Forevery k € {1,...,p}, dom g; = G.
(© YP_jap =1, maxicpey ||Li|| < 1, and thereexists ¢ € {1,...,p} such that dom g, =
Ge.
Then dom pcm,y(gk, Li)i<k<p = H.
(iv) lenv, pem. (gk, Li)1<k<p = D _pey @k (lenvy gi) o Ly.
(v) Argminpem, (g, Li)1<k<p = Argmin Y7, ay(lenv, gi) o Ly.

(vi) Suppose that (\,_, L, '(Argmin g;,) # @. Then

p
Argmin pem, (gx, Lk )1<k<p = Argmin cav(gy, Li)1<k<p = [ | Ly, ' (Argming,). (5.30)
k=1

Proof. Define G, L, and g as in (5.26), and note that

p
(vze#) L3 =" axl Lzl < D cnllLul?lal (531

p
k=1 k=1

which yields || L||* < Y-7_, ax||Lk||* < 1 by Assumption 5.1. Further, by Proposition 5.9(iii),

pem, (gx, L) 1<k<p = L # g (5.32)
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(i): This follows from (5.32) and [17, Proposition 3.7(i)].
(i): Note that (Y(y;)i<k<p € G) L*(yji<k<p = D2p—y Lyy) and prox. (yi)i<k<p =
(prox,ygk Y )1<k<p- It therefore follows from (5.32) and [17, Proposition 3.10(ii)] that

prox = prox

V(Leg)
= Idy — L" o (Idg — prox ) o L

ypem., (gk,Li) 1<k<p

P
=Idy — Z ar Ly o (Idg, — prox,, ) o Lg. (5.33)
k=1

(i) (a): In this case, |L||*> < Y-F_, ax||Lg||* < 1. Therefore, the assertion follows from
(5.32) and [17, Proposition 3.2(iv) (a)].

(i) (b): Since domg = X7_, domg, = X}_, G, = G, the assertion follows from (5.32)
and [17, Proposition 3.2(iv) (b)].

(iii) (¢): According to [17, Proposition 3.2(iv)(b)], dom(L, . ge) = H. Hence, we derive
from Proposition 5.9(ii) and [15, Remark 5.11(v)] that

P

dom pem, (gx, Li,)1<k<p = dom pav, (L . gk)Kkgp = Z oy, dom(Ly, . ge) =H. (5.34)

k=1

(iv): Set ¢ = >0 _ ap(lenv, g) o L. As seen after (5.27), Vi is ~~!-Lipschitzian. On the
other hand, Proposition 5.9(i) asserts that pem, (g, Lx)1<k<p = uenvy p. Altogether, appeal-
ing to the equivalence (i)« (vi) in Lemma 5.6, we conclude that lenv, pcmy(gk, Li)i<ksp =
lenv, (uenvy, ¢) = .

(v): The result follows from (i), (iv), and the fact that the set of minimizers of a function
in I'g(#H) coincides with that of its lower Moreau envelope [5, Proposition 17.5].

(vi): Since ﬂizl L,;l(Argmin grx) # @, [5, Proposition 17.5] and (v) imply that

L, ! (Argmin gy,

DL

Argmin cav(gy, Ly )1<k<p =

B
Il
—

L,;l (Argmin lenv, g;,)

Il
DL

B
Il
—

p
= Argminz ay(lenvy gi) o Ly,
k=1

Ar

gmin pem, (gx, Lk ) 1<k<ps (5.35)

which completes the proof. 0O
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Remark 5.11 Let us make a couple of observations about Proposition 5.10.
(i) Suppose that, in Assumption 5.1, f = h = 0 and, for every k € {1,...,p}, g = tp,
for some nonempty closed convex set Dy C Gi. Then Problem 5.2 amounts to finding
x € H such that, for every k € {1,...,p}, Lyx € Di. On the other hand, it follows
from Proposition 5.10(v) and [5, Example 12.21] that Problem 5.3 amounts to finding
a minimizer of the least-squares function = — > 7 _; akdsz (Lgx), which has been used

in the relaxation of inconsistent feasibility problems [9, 14, 18].

(i) In general, the solution sets of Problems 5.2 and 5.3 are distinct. However, it follows
from Proposition 5.10(vi) that, if the set Z in (5.6) is nonempty, then it coincides with

the solution set of both problems.

Next, we compare the standard composite average of cav(g, Li)1<k<p of (5.22) with the
proximal mixture pcmﬁ/(gk, Li)1<k<p of (5.23). Let us start with some basic inequalities.

Proposition 5.12 Let v € |0, +o00[ and

p p

p: H — ]—00,+00]: & — 1<15€1£ (Z arZg, (yr) — D (Z akLZy,’;)). (5.36)
X \p

yi€dgr(Lyz) k=1 h=1

Then Y7 _, ap(lenv, gi) o Ly, < pem, (gr, L) 1<k<p < €aV(gk; Li)1<k<p < PeM. (gk, Li)1<k<p +

e

Proof. Define G, L, and ¢ as in (5.26), and recall from Proposition 5.9(iii) that
pcm,y(gk, Li)i<k<p = ng. Further, go L = cav(g, L )1<k<p, and as seen after (5.31), | L|| < 1.
It follows from [17, Proposition 3.20(ii)] that

.
*

ai(lenvy gi) o Ly, = (lenvy g)o L < Le g < go L, (5.37)

ol
-
I

where L + g = pcm,y(gk,Lk)Kkgp and g o L = cav(gk, Li)1<k<p- It remains to show the
rightmost inequality. Let « € #H. The result is clear if x ¢ domy. Now, suppose that
z € domy and let y* = (y})i<k<p € Xh_, Ogr(Lix). Then (5.25)—(5.26) yield L*y* =
S axLiyr and 2g(y*) = > 7 _; ax2g, (y;). On the other hand, by [5, Proposition 16.9],
y* e Xzzl Ogr(Liz) = 0g(Lz) and we therefore deduce from [17, Proposition 3.23(i)] that

0 < (cav(g, Li)1<ksp) (x) — (Pem, (gx, Li)1<k<p) (2) < (Lo (y") — 2u(L7y")).  (5.38)

Hence, taking the infimum over y* € X} _, dgi(Lyx) yields the claim. 0O
The following result establishes asymptotic relations between standard composite aver-
ages and proximal comixtures.
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Theorem 5.13 Let (7, )nen be a sequence in |0, +oo[ such that 7, | 0 and let = € H. For brevity,
write ¢ = cav(gx, Lk)1<k<p and (Vn € N) m,, = pem., (g, Lk)1<k<p- Then the following hold:
@ m,, () T c(2).
(i) Let (2, )nen be a sequence in H such that x,, — x. Then ¢(z) < limm,, (z,).
(iii) Suppose that ¢ is proper and let v € |0, +oc[. Then prox,,, ~x — prox,. .

(iv) Let (en)nen be a sequence in ]0,+oo[ such that €, | 0, and suppose that there exists a
bounded sequence (z)nen such that (Vn € N) z, € e,—Argmin(f + m., + h). Then the
following hold:

(@) infren(f(z) +m,, (z) + h(z)) T mingey (f(z) + c(x) + h(z)).
(b) Every weak sequential cluster point of (zp,)nen is in Argmin(f + ¢ + h).

Proof. (i): Define L and g as in (5.26), and recall from Proposition 5.9(iii) that (Vn € N) m,,, =
Ls g. By items (ii) and (iv) in [17, Theorem 3.29], the function N — |—o00, +-00]: n — m,, (z)
is increasing and lim,,_, ;oo m,, (z) = g(Lx) = ¢(z).

(ii): The weak continuity of bounded linear operators [5, Lemma 2.41] yields (Vk €
{1,...,p}) Lyx, — Lyz. Thus, [36, Proposition 2.2(d)] implies that

(Vke{1,...,p}) gr(Lxz) < lim(lenv,, gi)(Lizy). (5.39)

On the other hand, recall that ¢ = cav(gx, Li)1<k<p- Therefore, it follows from (5.39), [5,
Lemma 1.16], and Proposition 5.12 that

p
¢o(z) < Z oy lim(lenv,, gx)(Lgzy,) < lim Z ag(lenvy, gi)(Lywy) < limm,, (z,).  (5.40)
k=1 k=1

(iii): Recall from Proposition 5.10(i) that (Vn € N) m,, € I'g(H). Therefore, the result
follows from (i), (ii), the equivalence (i)« (iii) in [3, Proposition 3.19], and the equivalence
(1)< (ii) in [3, Theorem 3.26].

(iv): By Proposition 5.10(i) and (i), (m, )nen is an increasing sequence of functions in
I'o(H) with sup,, .y m, = c. Therefore, the equivalence (iii)< (iv) in [5, Theorem 9.1] implies
that (f +m,,+ h),en is an increasing sequence of weakly lower semicontinuous convex func-
tions with supremum f+c¢-+h. Since (z,),en is bounded, [5, Lemma 2.45] asserts that (2, )nen
admits a weakly convergent subsequence. Hence, the results follow from [3, Proposition 2.42]
applied to the weak topology. O

The following result focuses on the case in which the functions (g;)1<x<p are Lipschitzian.

Proposition 5.14 Assume that, for every k € {1,...,p}, gi is real-valued and py-Lipschitzian
for some py, € 10, +ool. Set pp = YV _; appr||Lil, set 9 = (1/2) Y0 _, cgpi, let z € H, and let
v € ]0,+o0]. Then the following hold:
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6) pcm,y(gk, Li)1<k<p s p-Lipschitzian.
(i) 0 < cav(gr, Lk)i1<k<p — Pem., (gr, Li)1<k<p < Y0-

(iii) There exists r € B(0;2vyu) such that prox T = prox x+r).

ypem,, (9k, Lk )1<k<p 7C3V(9k7Lk)1<kgp(

(iv) | prox T — prox

yeav(gr,Lr)1<k<p

ypem,, (9k,Li)1<k<p z|| < ymin{2u, v29}.
(v) Let o € ]0,+o0[ and assume that h € I'_,(#). Then

. . 2
argmin(cav(gx, Lk)1<k<p + h) — argmin(pem, (gx, Li)1<k<p + ) ||,, < H o (5.41)
Y H o

Proof. According to [5, Corollary 17.19], a lower semicontinuous convex function ¢: H — R
is p-Lipschitzian if and only if ran 0p C B(0; ). Thus, the Lipschitz continuity of the functions
(9%)1<k<p implies that

(Vk e {1,...,p}) randgx C B(0; ug). (5.42)

Further, by [5, Proposition 16.27], (Vk € {1,...,p}) dom dgx, = G.

(i): By virtue of Proposition 5.10(iii) (b), dompcm,y(gk,Lk)Kkgp = H and therefore [5,
Proposition 16.27] yields dom d pem., (gx, L) 1<k<p = H. Now, let u € rand pem., (gx, Li)1<k<p-
Then there exists z € #H such that u € (9 pem, (g, Lk)1<k<p) (@) which, by (5.18), is equiv-

alent to prox (x + yu) = z. Now, set (Vk € {1,...,p}) yi = Li(x + yu) —

ypem,, (9k, Lk )1<k<p

prox., (Lx(x + yu)). By Proposition 5.10(ii),
p
T+ yu — Z arLiy; = x. (5.43)
k=1

Further, it follows from (5.18) and (5.42) that
1
(Vke{l,...,p}H) ;y}; € Ogi (Li(z + yu) — yj;) C randgx C B(0; ). (5.44)

Therefore, it follows from (5.43) and (5.44) that

1 P ., P
s = H— S anLit] <> anllLil
v k=1 H o k=1

[
;yk
Altogether, ran@pcm,y(gk,Lk)lgkgp C B(0; ), which yields the conclusion via [5, Corol-
lary 17.19].

(ii): Recall that (Vk € {1,...,p}) domdg, = Gj. For every k € {1,...,p}, let y; €
0gr.(Liz). Thus, it follows from Proposition 5.12 and (5.42) that

p
< ZakHLkH,uk = L. (5.45)
k=1

Ok

p
0< (CaV(9k7Lk)1<k<p) (z) — (Pcmy(gmLk)lgkg ) ’Yzake@gk Yr) %Z =
k=1 k=1
(5.46)
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(iii): Setu, = PIOX, b (gy, L)1 ke L Then, by (5.18), z—u, € (9 pem. (gk, Lk)1<k<p) (Uy)-
On the other hand, since dom 0 cav(gy, Li,)1<k<p = H, there exists r € H such that x+r—u, €
v(0 cav(gk, Lk)1<k<p)(uy). Thus, by (5.18), PIOX cay(ge, Li)1<rey (x+7) = u,. Further, by (i) and
[5, Corollary 17.19],

rand cav(gy, Li)1<k<p € B(O;p) and  randpem, (gx, Li)1<k<p C B(0; ). (5.47)

Therefore, r = (x + 7 — u,) — (x —uy) € YB(0; ) +vB(0; 1) = B(0;2yp).

(iv): Set u = prox

7y cav(gr,Lk)1<k<p x, and

Ty Uy = PIOXypem_ (g, Li)1<k<p

(VE e {1,...,p}) vyj = Lrx — prox

Yk (ka) (548)

Further, set z = 22:1 aiLiy;. Then, Proposition 5.10(ii) yields  — z = u,, whereas (5.18),
(5.48), and (5.42) imply that

(Vke{1l,...,p}) v € vOgk(Lrz — yi) C B(0;yuk). (5.49)

By [5, Corollaries 16.48(iii) and 16.53 (1)1, z—u € v(d cav(gx, L )1<k<p)(u) =¥ > _h_q cuLi(Ogr(Liu)).
Thus, for every k € {1, ..., p}, there exists w; € y9gy(Lyu) suchthatx —u =Y 7 _, apLiw;. It

follows from (5.49) and the monotonicity of the subdifferential operators (ydgx )1<k<p [5, The-

orem 20.25] that

(Vke{l,....p}) (Ligz —y; — Lyuly, —wy)g, = 0. (5.50)

Since Y ¥_, ay||Lk||* < 1 by Assumption 5.1, (5.49) implies that

p p p p
> arllyi = Lizlg, =D anllyild, — 2012l + Y arlLizllg, <D arllyillg, < 29%9,
k=1 k=1 k=1 k=1

(5.51)

whereas the Cauchy-Schwarz inequality yields

p 2 p p p
ot < (L enlzalbila, ) < (S anlal?) (X anlsills, ) < X enlilly 652
k=1 k=1 k=1 k=1

Altogether, we deduce from « = z +u,, > 4 _; e Liys = 2, > vy auLiwi = x —u, (5.50), the
Cauchy-Schwarz inequality, (5.51), and (5.52) that

0< Zak(Lkuw — Lyu+ Lz — yg |y, — wi)g,

P
k=1
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P
= (uy —ul (. —uy) — (. —u))y +Zak<Lk2 — Y lyr — wi)g,

k=1
P P
= w3+ S okl — Lz [ ul)g, — 3 onlul — Luz g,
k=1 k=1
P P P
< u— S nli — Lezlz (| S ol 2+ (uzn% - Zakuym@k)
k=1 k=1 k=1

P
< =y |3+ V2920, 72 Y i}
k=1

= —|lu — uy |3, + 27%0. (5.53)

However, by (iii), there exists » € B(0;2yu) such that prox

ypem,, (9k, Lk )1<k<p z
~eav(ge.Li)1<ken (x + r). Hence, the nonexpansiveness of the proximity operator [5, Propo-

sition 12.28] implies that

prox

l|u — uy |2 = || prox T — Prox (@ +7)|[, < lrlla < 2vp. (5.54)

~yeav(gy,Lr)1<k<p ~yeav(gy, Lk )1<k<p

Finally, the result follows from (5.53) and (5.54).
(v): Set z = argmin(cav(gx, Lk)1<k<p + ) and z., = argmin(pem, (gk, Lk)1<k<p + h). Then
the equivalence (i)« (viii) in [5, Corollary 27.3] yields

T = PrOX. cay(gy Lp)1cre, (€ — YVR(2)) and z, = PYOX.pem (g4 Li)i<hey (zy — YVh(zy)).
(5.55)
On the other hand, (iii) asserts that there exists » € B(0; 2yu) such that

pI‘OX,chm’Y (96, Lk)1<k<p

(z —yVh(z)) = prox (z —yVh(z) + ). (5.56)

yeav(gr,Li)1<k<p

Altogether, (5.55), (5.56), and the firm nonexpansiveness of prox
tion 12.28] yield

[5, Proposi-

yeav(gr,Li)1<k<p

2

”.Z' - ‘T'YH’%{ = Hprox-ycav(gk,Lk)lgkgp (‘T - ’Yv;l(f]:)) - prox-ypcm“/(gmLk)lgkgp (‘T'Y - ’YVh(x'Y)) H,H
2

= "prox7cav(gk7Lk)1gk§p (z = YVh(2)) = PrOX,cav(g,, Ly)1cpe, (T = YVA(24) + 1) N

< (= yVh(z) — 2y +yVh(z,) — 7|2 — 24)4
= |lz — 2413 — Y(VI(z) = VR(zy) |2 = 25)5 — (7|2 — 24) . (5.57)

Therefore, it follows from [5, Example 22.4(iv)], the Cauchy-Schwarz inequality, and the
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inequality ||r||y < 2yp that
1ollz — 2, 3 < Y (Vh(z) = Vhz,) |2 — 2}y, < 29z — . (5.58)

which implies (5.41). O
As a special case of the above results, we recover some properties of the proximal average
[6,42,45].

Remark 5.15 (proximal average) Suppose that > 7_,a; = 1 and that, for every k ¢
{1,...,p}, G = H and Ly = Idy. Then pem, (gk, Lk)1<k<p = Pav,(gr)1<k<p is the proximal
average of (5.9), while cav(gy, Li)1<k<p = ave(gr)1<k<p is the standard average of (5.11). In
this context, we recover the following results:

(i) Proposition 5.10(i) yields paV,Y(gk)lgkgp € I'o(H) (see [6, Corollary 5.2]).

(ii) Proposition 5.10(ii) yields prox

’YPaV—y(gkhgkg
(iii) Proposition 5.10(iv) yields lenv, pavﬁ/(gk)lgkgp = Zzzlaklenv,y gr (see [6, Theo-
rem 6.2(1)]).

b > h—y approx_, (see [6, Theorem 6.71).

(iv) Proposition 5.12 yields paV,y(gk)lgkgp < ave (see [6, Theorem 5.4]).
(v) Let (7n)nen be a sequence in |0, +oo[ such that -, | 0.

(a) Theorem 5.13(i) yields pav,, (gx)i<k<p T ave(gr)1<k<p (see [6, Theorem 8.5]).

(b) Theorem 5.13(i)-(ii) imply that (pav,, (gk)1<k<p)nen €pi-converges to ave(g)1<k<p
(see [6, Corollary 9.6]).

(vi) Suppose that, for every k € {1,...,p}, gx is real-valued and p-Lipschitzian for some
pi €10,400]. Set = >F_ app and 9 = (1/2) Y0, cwpi.
(a) Proposition 5.14(ii) yields 0 < ave(gx)i<k<p — paV,\/(gk)lgkgp < Y (see [45, Propo-
sition 41]).

(b) Proposition 5.14(iv) yields || prox
[42, p. 851]).

— prox < 2vp (see

’YPaV—y(gkhgkgp “faVe(gkhgkgp HH

In addition, we obtain the following new properties of the proximal average.
(vii) Let (y,)nen be a sequence in |0, +oo[ such that ~,, | 0. It follows from Theorem 5.13(iii)

that prox * — prox

ypavy,, (gk)1<k<p “faVe(gkhgkgp L.
(viii) Suppose that, for every k € {1,...,p}, gi is real-valued and p-Lipschitzian for some
pr € ]0,+0ol. Set p = Y 7_, appk. Then, by Proposition 5.14(iii), there exists r &

B(0;2yu) such that prox T+ ).

’YPaVW(gkhgkgp Z = prox

VaVe(gk)lgkgp(

Generalization of Problems 5.2 and 5.3 to arbitrary families of functions and linear oper-
ators can be formulated as follows.
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Remark 5.16 (integral proximal comixture) Let (Q2,F, ) be a complete o-finite measure
space and let H be a separable real Hilbert space. For every w € (), let G, be a real Hilbert
space, let g, € T'g(Gy), and let L,: H — G, be a bounded linear operator. Assume that
0< [ QHLWHQ,u(alw) < 1. Under mild assumptions, the integral proximal comixture of (g, )w,cq
and (L,),en with parameter y € |0, +o00] is [8, Definition 4.2]

*

V(g Louen = (7 = 31 IB) ", where (e H) 0 = [ (lenv, ) (Loxu(de).

’ (5.59)
Now let f € T'y(H) and let h: H — R be a convex and differentiable function with Lipschitzian
gradient. Then a generalization of Problem 5.2 is

minimize () + f g (L) p(ds) + h(x) (5.60)
x Q

and a generalization of Problem 5.3 is

*

minimize f(x) + (M,Y(gw, Lw)weg) (x) + h(x). (5.61)

xeH

Indeed, we recover (5.1) from (5.60) and (5.3) from (5.61) by taking Q@ = {1,...,p} and
F = 29, and setting (Vk € {1,...,p}) u({k}) = ax. Most of the results of this section extend
to this abstract framework using the tools of [8,17]. If i is a probability measure, we can
regard (5.1) and (5.3) as empirical versions of (5.60) and (5.61), respectively.

5.2.4 Algorithms

Several splitting methods are available to solve Problems 5.2 and 5.3 [16]. Regarding Prob-
lem 5.2, we have compared several methods from [16,20,23,44] and found that, overall, the
following method based on [16, Example 8.50] performed the best in our experiments.

Proposition 5.17 Consider the setting of Problem 5.2 and assume that

P
0e ran(@f + Z a Ly o (0g) o Ly, + Vh). (5.62)
k=1

Let o € H and, for every k € {1,...,p}, let ypo € G; and Vko € Ok Set x = 48/(1 +
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V14 3262), lete €]0,x/(x + 1), and let (n,)nen be a sequence in [e, (1 — €)x]. Iterate

forn=0,1,...
an = Prox,, ¢ (o + 1 (SF_y anLjv,, — Vh(n)) )
fork=1,....p

L B = Yk — Litn)
Tntl = Ap +1n Zi:l akLl:qI:,n
fork=1,....p
bk,n - proxnngk (yk,n + nnvz,n)
Yk n+1 = bk,n - Unqz,n
Uz,n—l—l = Ul:,n + 7 (Lka" B bk,n)-

(5.63)

Then (x,,)nen converges weakly to a solution to Problem 5.2.

Proof. Apply [16, Example 8.50] in the Hilbert space G of (5.25), with ¢ and L defined as in
(5.26). O

We now turn to Problem 5.3, for which we found the following version of the method
proposed in [25, Section 3.1] to perform best overall. Given y, € H, this algorithm iterates

forn=0,1,...
Tn = PTOXypem_ (gi, L) 1<k<p I (5.64)
Zn = PIOX. (225 — yn — YVh(zy))

Yn+1 = Un + An(2n — T).
Hence, using Proposition 5.10(ii), we arrive at the following method.

Proposition 5.18 Consider the setting of Problem 5.3. Assume that -y € ]0,23[ and that
0 € ran(df + & pem. (gx, Li)1<k<p + Vh). (5.65)

Set 6 =2 —v/(2B), let (An)nen be a sequence in |0, 6[ such that Y . Au(6 — Ay,) = +00, and
let yo € H. Iterate

forn=0,1,...
Tn = Yn — Yopy Ok L} (Lryn — Prox, o, (Liyn))
Zn = PIOX. ¢ (2wn — Y — ’yVh(acn))
Yn+1 = Yn + An(2n — Tn).

(5.66)

Then (z,,)nen converges weakly to a solution to Problem 5.3.

Heuristically, one can expect (5.66) to yield fast convergence than (5.63). Indeed, since

the proximity operator of the aggregation pcm. (gx, L )1<k<p is computable in closed form via
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Proposition 5.10(ii), algorithm (5.64) processes only the three functions f, pem. (gk, Lk)1<k<ps
and h. It also requires minimum variable storage. By contrast, the standard composite average
function cav(gy, L)1<k<p in Problem 5.2 has no explicit proximity operator and its processing
in algorithm (5.63) requires the splitting of the p functions (gx)1<x<, and the p linear operator
(Lk)1<k<p (the same holds true for all splitting methods involving standard composite aver-
ages [16]). Additionally, algorithm (5.63) requires the storage of significantly more variables
than (5.66).

5.2.5 Numerical experiments

We illustrate the proposed proximal comixture model of Problem 5.3 through several exper-
iments. The algorithms are executed with all initial vectors set to 0 and they use parameters
(M )nen and (A, )nen aiming at optimizing their performance.

5.2.5.1 Experiment 1: Proximal total variation denoising

The purpose of this experiment is to illustrate the asymptotic property of Theorem 5.13(iii)
on a simple denoising problem. Let 7 € RY (N = 256) be the original 1-dimensional signal
shown in Fig. 5.2(a) and let

Z2=T+ -w (5.67)

N —

be the noisy observation shown in Fig. 5.2(b), where w € R¥ is a realization of a normalized
white Gaussian noise vector. We denote by D: RNV — R¥: (&1,...,&n) = (&2 — &1, .., En —
En—1,&1 — &n)/2 the normalized discrete gradient operator.

Problem 5.19 Let p = 3/2 and let tv = || - ||; o D be the standard total variation loss. The task
is to )
minimize tv(z)+ — |z — z||%. (5.68)
zeRN 2P

Problem 5.20 Let p = 3/2 and v € ]0, +o0[. Let us introduce the proximal total variation loss
ptv, =D . Il - |1 The task is to

o 1 )
minimize ptv.(z) + —||lz — z||*. (5.69)
nimize ptv, (@) + - 2|

Problems 5.19 and 5.20 are particular instances of Problems 5.2 and 5.3, respectively,
where H = RY, f = 0, h = |- —2[2/(2p), p = L, a1 = L g1 = || - |1, and L; = D. In
view of Proposition 5.10(i) and (5.17), the unique solutions to Problems 5.19 and 5.20 are,

respectively, prox,,  and prox v, - Therefore, Theorem 5.13(iii) asserts that the solution

1%

curve (prox )~v€]0,400| i Problem 5.20 converges to the solution to Problem 5.19, to wit,

z

PIOX,pyy 2 = PrOX, 2z @S 7 1 0. (5.70)
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Since the proximity operator of tv is not known explicitly, algorithm (5.63) can be applied
to obtain the solution to Problem 5.19. On the other hand, algorithm (5.66) can be used to
obtain the solution to Problem 5.20. Our numerical experiments confirmed that, for v < 1073,
the solutions to Problems 5.19 and 5.20 were essentially identical, in conformity with (5.70);
see Fig. 5.2(c) for the denoised signal.

| | | | | | | |
0 20 40 60 8 100 120 140 160 180 200 220 240
(@

| | | | | | | |
0 20 40 60 80 100 120 140 160 180 200 220 240
(b)

| | | | | | | |
0 20 40 60 80 100 120 140 160 180 200 220 240

(0
Figure 5.2 (a) Original signal z. (b) Noisy observation z. (c) Solution to Problem 5.20 for v = 1073
(the solution to Problem 5.19 is essentially identical).
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5.2.5.2 Experiment 2: Multiview image reconstruction

We address the problem of reconstructing the original image # € C = [0,255]" (N = 5122)
of Fig. 5.3(a) from a partial observation of its possibly corrupted diffraction r ~ T over some
frequency range R [39], where T denotes the two-dimensional discrete Fourier transform of

T. To exploit this imprecise information, we use the soft constraint distance penalty dg, where
E={zeRY|(WweR) z(v)=rv)} (5.71)

The set R contains the frequencies in {0, ..., 15}? as well as those resulting from the symmetry
properties of the discrete Fourier transform. Further, two blurred noisy observations of Z are
available, namely (see Fig. 5.3(b)-(c))

21 =H1T+w; and 2z = HoT + w2, (5.72)

where H; and H; model convolutional blurs with uniform rectangular kernels of sizes 14 x 18
and 20 x 5, respectively, while w; and ws represent zero-mean white Gaussian noise realiza-
tions of standard deviations of 2 and 3, respectively. The blurred image-to-noise ratios are
34.51 dB and 31.06 dB, respectively. Let

D:RY 5 RN xRN: 2+ (Dyz, Dyx), (5.73)
where D; and D, denote, respectively, the horizontal and vertical first order discrete differ-
ence operators. Let || - [[1.2: RY x RN — R: (&, mi)1<icn — Son /€2 + 72 and let

02
plé| — Ex if [£] > p;

P . (5.74)
77 lf ’5‘ < p

bhp: R—=>R: {—

be the Huber function with parameter p € |0, +o0]. Our first formulation involves a standard

composite average.
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Figure 5.3 (a) Original image 7. (b) Degraded image z;. (¢) Degraded image z5.

Problem 5.21 Let p; = 3000 and p2 = 4000. The task is to

1 1
o 1, Lo
minimize (2 E(w)~|—2|| T

The second formulation involves a proximal comixture.
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1,2) + (hpl ([Hyz — z1|)) + bp, (| Haz — z2||)>

(5.75)



Problem 5.22 Let p; = 3000, p» = 4000, and ~ € ]0, 1[. The task is to

mir;ier(r}ize <pcmv(dE,Id; V8| - H12,D/\/§))(ZE) + (hpl ([|Hiz — z1|) + bpy (|| How — 22||))

(5.76)

Problems 5.21 and 5.22 are particular instances of Problems 5.2 and 5.3, respectively,

g1 =
|L1]|* = ||L2|[* = 1 and

prox. ;: (&)i<i<n — (min { max{¢;,0},255}),_,_ -

Moreover, [5, Example 24.28] yields

T+ L(projEm — w), if dgp(z) > ~;
prox,, : x — dp ()

projp

and [5, Proposition 24.11] yields

prox. .. : (& mi)i<isn = (0i&is 0iM) i s
where

V8y

1-— .
max{v/8v, || (&,m)}
At last, [18, Example 2.3] establishes that

0i =

Vh: RN leik(HllL' — Zl) pQHS(HQIE — 22) ‘
max{py, [Hiz — z1([} =~ max{ps, [|Hox — 22|}

128

where X =RY, f =10, h = bpo||Hi-—z1]|+bp,0l|Ha-—22|, B=1/2,p=2, 00 = ap =1/2,
RN, g1 =dp, L1 =1d, Go = RV x RY, go = V8| - ||1.2, and Ly = D/+/8. In this case,

(5.77)

(5.78)

(5.79)

(5.80)

(5.81)



(c) Problem 5.22 (v = 0.99).

Figure 5.4 Images reconstructed by Problems 5.21 and 5.22.

129



1

O 1 1 1 1 1
—— Problem 5.21/Proposition 5.17
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20 —— Problem 5.22/Proposition 5.18 (y = 0.99)
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—80
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Figure 5.5 Normalized error 201log,,(||z» — Zoo|l/ |20 — 2o ||) (dB) versus time (s).

We construct the solution to Problem 5.21 shown in Fig. 5.4 (a) via Proposition 5.17, where
1, = 0.49. To apply Proposition 5.18 to Problem 5.22, let us verify that condition (5.65) is
satisfied. By Proposition 5.10(iii) (¢) and [5, Corollary 16.48(iii)],

0(f +pem, (dp,14; V|| - 1.0, D/VB) + h)
= 0f + 0pem, (dp,1d; V8| - |12, D/V8) + Vh, (5.82)

which is a maximally monotone operator with domain C' [5, Theorem 20.25]. Hence, (5.65)
follows from [5, Corollary 21.25]. The image reconstructed by (5.66) for Problem 5.22
with v = 0.1 and )\, = 1.89 < 1.90 = 2 — ~/(28) is shown in Fig. 5.4(b). As pre-
dicted by Theorem 5.13(iv)(b), since « is small, this solution is similar to that produced
by Problem 5.21 in Fig. 5.4(a). The solution produced by Problem 5.22 for v = 0.99 with
A =1 < 1.01 = 2 —~/(28) in (5.66) is shown in Fig. 5.4(c) to yield a slightly sharper
reconstruction. Finally, Fig. 5.5 illustrates the faster convergence of algorithm (5.66) for the
proximal comixture model (5.76).
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5.2.5.3 Experiment 3: Image reconstruction from phase

We address a phase recovery problem considered in [18]. The goal is to recover the original
image T € C = |0, 255]N (N = 2562) shown in Fig. 5.6(a) from an imprecise observation of
its Fourier phase # ~ /7 [33]. The problem is modeled as a convex feasibility problem with
the following constraint sets.
* Phase:
Cr={zeR"|zz=0}. (5.83)

* Mean pixel value:
Co={z eRY | (z|1) =n}. (5.84)

* Proximity to the reference image r of Fig. 5.6(b):
Oy ={z e RY | o — 7|2 <&} (5.85)

The image r is a blurred and noise-corrupted version of Z, which is further degraded by
saturation (the pixel values beyond 130 are clipped to 130).

 Upper bound on the norm of the gradient: Dxz/+/8 € Cy, where
Cy={y e RN xRV | [ly[2 < p} (5.86)

and D is defined as in (5.73).

* A blurred observation of T is available, namely (see Fig. 5.6(c)) z = HZT + w, where

H models a convolutional blur with a Gaussian kernel of size 23 x 13 and w is a white
Gaussian noise realization.

Because of inaccuracies in the values 6, 7, p, and &, the convex feasibility problem arising from

the above constraints is inconsistent and we relax it using the Berhu function given by

211

S s 1
b:R—R: s {2

€, ifle <L

(5.87)

131



(b)

(0

Figure 5.6 (a) Original image Z. (b) Reference image r. (c) Corrupted observation z.

The first formulation employs a standard composite average.
Problem 5.23 The task is to

3
1 1 1 1 ,
minimize ~ kE_l b(de, (z)) + Zb <dc4 <%Dx)> + §HHx —z||*. (5.88)

Our second formulation employs a proximal comixture.
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Problem 5.24 Lety € |0, 2]. The task is to

1
minimize <pcm7(b ode,,1d; b o dey,1d; b o dey, 1d; b o de,, D/\/§)) (2)+5 | Ho—z[*. (5.89)

zeC

(a) Problem 5.23. (b) Problem 5.24 (v = 0.1).

ep 11"'21#::1;,1

(c) Problem 5.24 (y = 1.99).

Figure 5.7 Images reconstructed by Problems 5.23 and 5.24.
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Figure 5.8 Normalized error 20log,,(||z» — Zoo|l/||Z0 — 2o ||) (dB) versus time (s).

Problems 5.23 and 5.24 are particular instances of Problems 5.2 and 5.3, respectively,
where H =RN, f =1, h=||H-—2||?/2, 8 =1,p=4, a1 = ay = a3 = ay = 1/4, and, for
every k € {1,2,3}, G, =RY, gy = bodc,, and L;, = Id, whereas G4 = RY x RV, g, = bod,,
and Ly = D/+v/8. We have || Ly || = || Lo||* = ||Ls||* = || L4||* = 1. Further, prox.; is given as in
(5.77), [5, Proposition 24.27] yields

projc, « + T (z — projg, x), if do,(z) > 1+
(Vk € {1,...,4}) prox, 1z +— {z+ L(projck x— ), if v <dg, (x) <1+
dcy, (x)
projC’,c x, lf dck (‘T) < v,

(5.90)
and Vh = H*o (H - —2z).

We apply Proposition 5.17 to Problem 5.23 with 7, = 0.59, which produces the recon-
structed image shown in Fig. 5.7(a). Following the same argument used in Problem 5.22,
we note that condition (5.65) is satisfied, and we apply Proposition 5.18 to Problem 5.24.
The image reconstructed by (5.66) for v = 0.1 and A, = 1.94 < 1.95 = 2 — v/(203) is
shown in Fig. 5.7(b). This solution is similar to that of Fig. 5.7(a), which is consistent with
Theorem 5.13(iv) (b) since ~ is small. For Problem 5.24 with v = 1.99, algorithm (5.66) with
An =1 < 1.005 = 2—+/(2p) yields the somewhat sharper reconstruction shown in Fig. 5.7(c).
Fig. 5.8 depicts the faster convergence of algorithm (5.66) for the proximal comixture model
(5.89).
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5.2.5.4 Experiment 4: Linear regression

This experiment focuses on a linear regression model with an overlapping group structure
on the inputs [12,46]. We consider p = 40 groups of indices (Ij)i<k<p in {1,...,N} (N =
90p + 10 = 3610) of length 100 such that two consecutive groups overlap by 10 variables, i.e.,

I ={1,...,100}, 1, = {91,...,190},...,I, = {N —99,...,N}. (5.91)

We use M = 5000 samples. The entries of the input matrix A € RM*¥ are i.i.d. samples from
a N(0,1) distribution. The entries of the true regression coefficients 7 ¢ R¥ are also i.i.d.
samples from a A/(0, 1) distribution, and the output data is generated by the noisy linear model
z = AT + w, where w € RM has entries that are i.i.d. samples from a NV(0, 1) distribution. For
every k € {1,...,p}, weset Ly: RN — R100: 2 = (&)1cicn = (&)ier,.-

As before, we consider formulations based on a standard composite average and the prox-
imal comixture.

Problem 5.25 The task is to
minimize L [z] +1§p:HL |+ — || Az — 2|2 (5.92)
— || — X — xr — Z|| . .
ver  pl L p e LT g2
Problem 5.26 Let vy € ]0,2p?/||A||?[. The task is to
minimize - || + (pem (| I 4) )@) + llAz — 2| (5.93)
remn® pi P Biicgy )0 4 5 | |

Problems 5.25 and 5.26 are particular instances of Problems 5.2 and 5.3, respectively,

where H =RYN, f = ||-|l1/p, h = [|[A-—2|?/(2p?), B = p?/||A||?, and, for every k € {1,...,p},
a=1/p, Gy =RIP g = -|, and ||Lx|| = 1. Additionally,
prox. ;: (&)1<icn > (sign (&) max{[&| —v/p,0}), ;e v (5.94)

Further, [5, Example 24.20] yields

(Vk € {1,...,p}) prox , : x> <1 - m):n, (5.95)
while Vh = (1/p?)A* o (A-—z). Next, let us verify that condition (5.65) is satisfied. Note that,
by Proposition 5.12, pem, (| - ||, Lx)1<k<p = 0. Thus, the objective function of Problem 5.26 is
coercive and the existence of minimizers is guaranteed by [5, Proposition 11.15(i)]. Therefore,
Fermat’s rule [5, Theorem 16.3] and [5, Corollary 16.48(iii)] guarantee that condition (5.65)
holds. The solutions ., to Problem 5.25 and to Problem 5.26 for v = 0.18 are very close. In
addition, ||z~ — Z||/||Z|| ~ 0.058. For Problem 5.25, we use algorithm (5.63) with n,, = 0.17,
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while for Problem 5.26 for v = 0.18, we use algorithm (5.66) with \,, = 1 < 1.039 = 2 —
v/(28). The faster convergence of algorithm (5.66) for the proximal comixture model (5.93)
is shown in Fig. 5.9.
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Figure 5.9 Normalized error 20log,,(||z» — Zoo|l/||Z0 — Zo||) (dB) versus time (s).
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Chapter

CONCLUSION

6.1 Summary

We have established new theoretical results that deepen the understanding of the
parametrized resolvent and proximal compositions, and proposed a minimization model
based on proximal comixtures. Our main contributions are as follows.

* In Chapter 2, we settled question (Q1) by establishing variational properties of the
parametrized versions of the proximal composition and the integral proximal mixture.
These include comparisons with standard compositions and results on asymptotic be-
havior, both pointwise and in the epi-convergence sense.

* In Chapter 3, we addressed question (Q2), where we developed new interpretations and
theoretical results for the parametrized resolvent compositions, including asymptotic
results regarding operator convergence, specifically focusing on graph-convergence and
the p-Hausdorff distance.

* Chapter 4 was devoted to answering question (Q3), where we investigated the
parametrized resolvent compositions for positive linear operators. The results include
Lowner partial order relations, concavity, nonexpansiveness, asymptotic behavior in the
operator norm topology, connections to a new form of geometric interpolation between
the standard composite methods, and the study of nonlinear equations based on resol-

vent compositions.

* In Chapter 5, we answered question (Q4) by proposing a new minimization model based
on proximal comixtures. We have analyzed the mathematical properties of these aggre-
gation operations and presented comparisons with standard composite averages. Fur-
ther, the benefits of the proximal comixtures compared to the standard composite aver-
ages in terms of modeling and algorithmic implementation were discussed. Finally, we
have provided numerical illustrations in the context of image recovery and data analysis.
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6.2 Future work

Direction 6.1 Resolvent and proximal compositions have been investigated in the Hilbert
space setting. An interesting direction for future research is the analysis of these constructions
in Banach spaces.

Direction 6.2 Proximal comixtures minimization models offer benefits from both modeling
and algorithmic standpoints. Investigating block-iterative adaptive algorithms based on prox-
imal comixtures should be explored.

Direction 6.3 Variants of the proximal average have been studied in the nonconvex setting
[2,3]. An open question is to identify variants of the more general proximal compositions that
can support a theoretical analysis in the nonconvex case.

Direction 6.4 The proposed proximal comixture minimization model can be viewed as an em-
pirical mean of the more general concept of a proximal expectation [1]. In the case of standard
expectations arising in risk minimization in statistics and machine learning, the asymptotic be-
havior of the empirical risk in the form of a finite average is well-understood. A natural open
direction is to explore these statistical aspects in the case of estimators based on proximal
comixtures.

Raleigh, March 6, 2026

References

[1] M. N. Bui and P L. Combettes, Integral resolvent and proximal mixtures, J. Optim. Theory
Appl., vol. 203, pp. 2328-2353, 2024.

[2] J. Chen, X. Wang, and C. Planiden, A proximal average for prox-bounded functions, SIAM
J. Optim., vol. 30, pp. 1366-1390, 2020.

[3] W. L. Hare, A proximal average for nonconvex functions: A proximal stability perspective,
SIAM J. Optim., vol. 20, pp. 650-666, 2009.

141



	LIST OF FIGURES
	AUTHORSHIP STATEMENT
	NOTATION AND DEFINITIONS
	INTRODUCTION
	Overview
	Contributions and organization
	Publications
	References

	VARIATIONAL ANALYSIS OF PROXIMAL COMPOSITIONS AND INTEGRAL PROXIMAL MIXTURES 
	Introduction and context
	Article: Variational analysis of proximal compositions and integral proximal mixtures
	Introduction
	Notation and background
	Proximal compositions
	General properties
	Convex-analytical properties
	Comparison with standard compositions and infimal postcompositions
	Asymptotic properties

	Integral proximal mixtures
	Definition and mathematical setting
	Properties
	Proximal expectations


	References

	PARAMETRIZED FAMILIES OF RESOLVENT COMPOSITIONS
	Introduction and context
	Article: Parametrized families of resolvent compositions
	Introduction
	Notation and background
	Resolvent compositions
	Monotonicity of resolvent compositions
	Asymptotic behavior of resolvent compositions
	Set-convergence
	Graph-convergence of operators
	Convergence of resolvent compositions


	References

	RESOLVENT COMPOSITIONS FOR POSITIVE LINEAR OPERATORS
	Introduction and context
	Article: Resolvent compositions for positive linear operators
	Introduction
	Notation and background
	Resolvent compositions
	Nonexpansiveness of resolvent compositions
	Geometric means and nonlinear equations

	References

	PROXIMAL COMIXTURE MINIMIZATION MODELS FOR IMAGE RECOVERY AND DATA ANALYSIS
	Introduction and context
	Article: Proximal comixture minimization models for image recovery and data analysis
	Introduction
	Notation and background
	Properties of proximal comixtures
	Algorithms
	Numerical experiments
	Experiment 1: Proximal total variation denoising
	Experiment 2: Multiview image reconstruction
	Experiment 3: Image reconstruction from phase
	Experiment 4: Linear regression


	References

	CONCLUSION
	Summary
	Future work
	References


