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§1. Introduction

Throughout, H is a real Hilbert space with identity operator Idg,, scalar product (: | -)4;, and associated
norm || - ||¢r. In addition, G is a real Hilbert space, the set of bounded linear operators from H to G
is denoted by B (H, G), and B (H) = B (H,H). The adjoint of L € B (H, G) is denoted by L*. The
set P(H) of positive operators on H is the collection of self-adjoint operators A € B (H) such that
(Vx € H) (Ax|x) > 0. The Lowner partial ordering between two self-adjoint operators A and B in
B (H) is defined by A < B & B— A € P(H), and the set of self-adjoint strongly positive operators
on H is

S(H)={AeP(H) | (Fa € ]0,+oo[) aldy < A}. (1.1)
A fundamental operator associated with a monotone operator B: G — 29 is its resolvent

J = (Idg +B)7, (1.2)

which plays a central role in monotone operator theory and convex optimization, especially through
its use in operator splitting algorithms [3, 7, 10]. In many applications, monotone operators arise in
combination with linear operators, which motivates the study of operations that combine the mono-
tone operator B and a linear operator L € B (H, G) while preserving monotonicity. Recently, [6]
introduced two monotonicity-preserving operations called the resolvent composition and the resolvent
cocomposition of B and L, defined respectively by

LSB=L"b (B+y '1dg) — y 'Idy (1.3)

and

1 -1
LiB= (L </>YB‘1) , (1.4)

where L* > B = (L* o B™! o L)™! is the parallel composition of B by L* [3], and y € ]0, +oo[. An attrac-
tive property of resolvent compositions is that their resolvent operators can be explicitly expressed
through L and the resolvent of B [6, Propositions 1.2 and 4.1(v)], namely,

]Y (i) = L*oJpgoL and ]y (15) = Idg — L* o (Idg — Jy8) o L. (1.5)
This feature, in turn, significantly facilitates the design and implementation of algorithms for mono-
tone inclusion and convex optimization problems [5, 6, 7, 8, 12]. Special cases can also be implicitly
found in concrete applications such as image recovery [8], neural networks [14], inverse problems
[15], and machine learning [29, 32]. For further motivation, let us consider the following examples.

Example 1.1 (resolvent mixtures). Let 0 # p € N and let y € ]0, +co[. For every k € {1,...,p},
let Gx be a real Hilbert space, let Ly € B (H, Gi) be such that 0 < ||L¢|| < 1, let By € $(Gx), and let
ar € 10, +oo[. Suppose that Zizl ar = 1. Then the resolvent mixture and the resolvent comixture are
defined, respectively, by

-1

o p
My (Li, Bi)1<k<p = (Z akLy o (Bx +y 'ldg,) YoLe| -y 'dy (1.6)
k=1



and

-1

. P -1
My (Lk, Bk)1<k<p = ((Z arLy o (BZI + Y_lldgk) 1 Lk) _ Y—lldﬂ) (1.7)
k=1

Resolvent mixtures were introduced in [6, Example 3.4], and subsequently studied in [5, 12]. They are
a particular case of resolvent compositions. Specifically, let G = EBZ:l Gr and set

L: (]—{ - g: X = (Mka)l<k<p and B: g - g: (yk)1<k<p = (Bkyk)1<k<p- (18)

<o *
Then L & B = My (Lk, Bx)1<k<p and L ‘B = My (L, Br)1<k<p- Further, as shown in [12, Proposi-

tion 5.13(i)], M (Lk, B )1<k<p graph converges to Zi=l arL; o Br oL asy — 0.

Example 1.2 (arithmetic, harmonic, and resolvent average). In the context of Example 1.1, sup-
pose that, for every k € {1,...,p}, Gx = H and Ly = Idg. Then, the arithmetic average and the
harmonic average are given, respectively, by

P 14 -1
L*oBolL= Z By and L*>B= (Z akB,;l) . (1.9)
k=1 k=1

An alternative averaging operation is the resolvent average, introduced in [4] and further studied in
(2, 6, 31], given by

p

-1 -1
ravy (Bi)i<k<p = (Z ag (Bk + y_IId«H) ) —y'Idy, where y €]0,+00[. (1.10)
k=1

The resolvent average is as a special case of the resolvent mixtures [6, Example 1.3], to wit,

My (Idg(, B )1<k<p = My (Idgy, Bi)1<k<p = ravy(Bi)i<k<p- (1.11)

It was established in [19, 22] that, when 8(H) is endowed with the Thompson metric d;{ (see (4.1)),
the averages (1.9) and (1.10) are nonexpansive. This property is important as it ensures stability of
the averaging processes and is particularly useful in the study of nonlinear equations [19]. Further,
in the finite-dimensional setting, [4, Corollary 4.6] shows that the resolvent average is concave, and
[4, Theorem 4.2] establishes, by means of a pointwise convergence proof, that the resolvent average
interpolates between the arithmetic average (0 < y — 0) and the harmonic average (y — +o0).

Example 1.3 (weighted &/#% —means). In the finite-dimensional setting of Example 1.2, a family
(L, (Bk)]gkgp)yeR of means interpolating between the arithmetic average and the harmonic average
was introduced in [17] (see also [16]). These means, referred to as weighted of #7% —means, are closely
related to resolvent averages [17, Proposition 3.5] through the ordering

ravy (Bi)i<k<p = L1/y(Br)icksp < ZakBk, (1.12)

P
k=1

and themselves interpolate between the arithmetic average (y — +c0) and the harmonic average
(y = —o0) [17, Proposition 3.4].



The aim of this paper is to investigate the operations (1.3) and (1.4) when B € 8§(G). We estab-
lish several new properties, including Lowner partial order relations, concavity, nonexpansiveness,
and asymptotic behavior. This specific setting leads to new results that, in particular, generalize the
corresponding asymptotic properties in [12], as well as those of the proximal average established in
(4,17, 19].

The remainder of the paper is organized as follows. In Section 2, we provide our notation and

necessary mathematical background. In Section 3, we present several new properties of (LKB)YG]O,J,DO[

Y . .
and (L ¢ B)ye]o,+c0[- In particular, these operations are concave and

. LKB%L*OBOL and LKB—>L*oBoL as 0 <y —0,
.L*>PB<LoB and LoB—L*BB as Yy — +oo.
In Section 4, we show that the resolvent compositions are nonexpansive with respect to the Thompson
metric, in the sense that, for every A € §(G) and B € §(G),
d(LSALYB)<d9(AB) and d¥(LSALSB)<d9(AB). (1.13)

Finally, in Section 5, we introduce the geometric interpolation £, (L, B) (see (5.3)) between L* > B and
L* o B o L when L is an isometry, which generalizes the weighted &/ ## —means. We establish the
partial order relations

LI'>B< £ ,(LB)< LeB< L1,,(L,B)< L 0BolL (1.14)

and conclude by studying two nonlinear equations involving resolvent compositions.

§2. Notation and background

The space B (H, G) is endowed with the topology induced by the operator norm
(VL eB(H,6) L= sup IiLxllg. (2.1

xeH
lIxllge <1
Let L € B (H,G). Then L is an isometry if L* o L = Idgy. Further, L is bounded below if there exists
a € ]0,+00[ such that (Vx € H) al||x||r < ||Lx||g. Equivalently, by [3, Fact 2.26], L is bounded below
if and only if L is injective with closed range. In particular, when H and G are finite-dimensional, L
is bounded below if and only if L is injective.
The quadratic kernel of A € P(H) is Qa: H — R: x = (1/2)(x | Ax)4,. The Legendre conjugate
of f: H — [—o0,+00] is the function

f+H — [—co,+00]: x™ > su£(<x|x*>w —f(x)), (2.2)

and the Moreau envelope of f: H — [—oco,+0o0] of parameter y € |0, +oo[ is
1
Yf: H — [—oco, +00]: 'f( —||x - 2). 23
f H = (oo tes]: x o inf (£(2) + ool = 2l (23)
The set of proper lower semicontinuous convex functions from H to |—oo, +o0] is denoted by I (H).
LetL € B(H,G) and h: G — [—o0, +o0]. The infimal postcomposition of h by L* is

L*>h: H — [—co,4+0]: x ing h(y), (2.49)
ye
L*y=x



the proximal composition of h and L with parameter y € 0, +co[ (see [6, 9]) is
Y 1 *
Lohz(r(h*)oL) — =112 (2.5)
Y

and the proximal cocomposition of h and L with parameter y € ]0, +oo] is

Lih=(L'"9 Y. (2.6)

The following facts will be used subsequently.

Lemma 2.1. The following properties are satisfied:

(i) Let A € 8(G). Then @ = @Qy-1.

(ii) Let A€ 8(G) andB € 8(G). ThenA< B & B < A™L.
(iii) LetL € B(H,G),A € P(G), andBe P(G). Then A< B= L*ocAoL< L*oBolL.
(iv) Let A€ P(G) and B € P(G). Then A< B = ||A]| < ||B]l.

(v) Let (Ap)nen, (Bn)nen, A, and B be self-adjoint operators in B (G) such that A, — A, B, — B,
and (Vn € N) A, < B,. Then A< B.

Proof. (i)-(ii): See the proof of [3, Example 13.18(i)].
(iii): Let x € H. Since A < B, {x | L*(A(Lx))) = {(Lx | A(Lx)) < {Lx | B(Lx)) = (x| L*(B(Lx))).
(iv): Since A and B are self-adjoint and 0 < A < B, we deduce from [3, Fact 2.25(iii)] that
Al = SUP [{Ax | x)g | = Sup (Ax | x)g < SUP (Bx|x)g = Sug I(Bx | x)gl = IBIl.  (2.7)
||X||g<1 ||X||g<1 ||XI|g<1 lIxllg<1

(v): Since A, — A and B, — B, convergence is in particular pointwise. Thus, for every x € H,
0< (x| (B,—Ayx) — (x| (B—A)x). Hence, 0 < B — A or, equivalently, A< B. [

Lemma 2.2. Suppose that L € B (H, G) satisfies0 < |L|| < 1, letg € I}(G), and let y € 10,4+00[. Then
the following hold:

(M) Log=(L'¢ g

(i) L4g<min{Lég, goL)}.

(iii) Set® = (1/2)]| - ||g—(1/2)|| ||2 oL™. Theang:(g*+y<I>)*oL.
% 14 *

(i) Set ® = (1/2)1]- | — (1/2)]| - |2, 0 L*. Then L5 g = L* > (g + d/y).

Proof. Recall that g = g™* 3, Corollary 13.38].
(i): [9, Proposition 3.7(iii)].
(ii): [9, Proposition 3.20(ii)—(iii)].
(iii)-(iv): [9, Proposition 3.2(i)-(ii)]. 0O
Lemma 2.3. Let L € B (H,G) and B € P(G). Then the following hold:

(i) L*oBoL € P(H).
(11) @B oL= @L*OBOL-
(iii) Suppose that B € §(G) and that L is bounded below. Then L* o Bo L € S(H) and L* > B € S(‘H).



Proof. (i): Take A = 0 in Lemma 2.1(iii).

(ii): For every x € H, @g(Lx) = (1/2){Lx | B(Lx)) = (1/2){x | L*(B(Lx))) = Qr+0por (x).

(iii): Since B € 8(G), there exists @ € ]0, +oo[ such that aldg < B. On the other hand, since L is
bounded below, there exists € ]0, +oo[ such that ?Idg; < L* o L. Therefore, Lemma 2.1(iii) yields

(af*)Idy < a(L*oL) =L* o (aldg) oL < L* o Bo L, (2.8)

i.e., L*oBoL € §(H).Similarly, L*oB™'oL € §(H), which implies that L* > B = (L*oB™!oL)™! € §(H).
O

Lemma 2.4 ([12, Proposition 3.3(ii)]). LetL € B(H,G), let B: G — 29, lety € 10, +co[, and set
¥=Idg—LolL" Then L 4B=L1"o (B +y¥)loL.

Lemma 2.5 ([12, Proposition 3.4(i)]). Suppose that L € B (H,G) is an isometry, let B: G — 29,
and lety € 10, +oo]. ThenL 6B =1L % B.

§3. Resolvent compositions

In this section, we study the resolvent cocomposition operators when B € §(G). We strengthen
several results obtained in [12], as well as those established specifically for the resolvent average in
[4]. The results obtained include comparisons among the different composite operations, as well as

an analysis of the asymptotic behavior of (L : B)yejo,+00[ and (L{};B)},E]O,Jroo[, as the parameter y varies.

Proposition 3.1. Suppose that L € B (‘H,G) satisfies0 < ||L|| < 1, let B € §(G), and let y € ]0,+00].
Then the following hold:

() LB e P(H).
(i) L+@p = Q.
(iii) Let A € ]0,1[. ThenT,: 8(G) — P(H): A L % A is concave in the sense that

(VA€ S(G)) A(LsA)+(1-2A)(LeB) <L (1A+(1-2)B). (3.1)

(iv) Suppose that L is bounded below. Then the following are satisfied:
(2) LB e S(H) and L & B € S(H).
Y
(b) Lo@p = @LXB'

(c) Let A €]0,1[. ThenR,: 8(G) — S(H): AL $ A is concave in the sense that
(VA €8(G)) AL6A)+(1-)(LEB) < L6 (AA+(1-A)B). (3.2)

Proof. Set ¥ =1dg — L o L*. Since ||L|| < 1, ¥ € P(G), which yields B! + y¥ € 8(G). On the other
hand, recall from Lemma 2.4 that

LeB=L"o(B +y¥) ' oL (3.3)

(i): This follows from (3.3) and Lemma 2.3(i).



(ii): Set @ = (1/2)]| - ||é — (1/2)]| - I3, o L* and note that & = Qy. It follows from Lemma 2.2(iii),
Lemma 2.1(i), Lemma 2.3(ii), and (3.3) that

Le@g= (@ +y®) oL
= (@B—l + Y@l[/)* oL

= @;‘1+le/ oL
= Qp(1pw) oL
= @LKB' (34)
(iii): By (i), T, is well defined. Further, for every A € 8(G),
MLeA)+(1-2)(L4B) < Le(AA+(1-A)B)
o (e e H) A((L4A)x|x) + =D (LEB)x|x) <((1¥@a+a-nB))x|x)
=4 (Vx S 7'{) A@LZA(X) + (1 - A)@LZB(X) < @A(LZA)+(1—A)(LKB) (.X') (35)

Therefore, it is enough to prove that, for every x € H, the function 8§(G) — R: A — @LKA (x) is
concave. Set ¢ = (1/2)]| - ||é - (1/2)] - ||${ o L*. Because dom @ = G, the identity (y®)* = ¢*/y and
[3, Proposition 15.2] imply that

(YA ES(G) (@ +y0) =@aa(@"/y): G — |-, +00]: 2 > inf (@a(y) + %@*(z -y))- 69)
Thus, by virtue of (ii), Lemma 2.2(iii), and (3.6),

(VA €8(G))(Yx e H) @, (x)=(L $04) (%)
= (@} +y®)"(Lx)

= ;Eg(QA(y) + %(P*(Lx - y)) 3.7)

affine in A

Hence, for every x € H, the function 8(G) > R: A — @LZA (x) is concave, as it can be expressed as
the infimum of affine functions.

(iv)(a): It follows from (3.3) and Lemma 2.3(iii) that L ‘Be S8(H). On the other hand, by (1.4) and
applying the previous reasoning to B!, we obtain L 5B = (L 10/ B! e §(H).

(iv)(b): By Lemma 2.2(i), Lemma 2.1(i), (ii), and (1.4),

1y .

Y * 1/y * *
LO@B = (L * @B) = (L * @B—l) = @Lli}/B—l = @(LlﬁyB‘l)il = @LXB' (38)
(iv)(c): It follows from Lemma 2.2(iv) and (iv)(b) that
Y ) 1
(A€S(G)(r € G) @, ()= (LoG) () = inf (@4(y)+ ;cp(y)) (3.9)
L'y=x e—k
affine in A

Thus, for every x € H, the function §(G) —» R: A — @LXA (x) is concave. As a consequence, as in
the proof of (iii), R, is concave. [



The following example shows that, in the finite-dimensional setting, the resolvent composition
admits a variational characterization. In particular, this holds for the resolvent average, as established
in [4, Proposition 2.8].

Example 3.2 (variational characterization). Suppose that H and G are finite-dimensional and
that L € B (H, G) is injective and satisfies ||L|| < 1, let B € 8(G), and let y € |0, +oo[. Define

f:8(H) - R: X > —Indet(X +y 'Idg) (3.10)
and

F:8(H) > R: X — f(X)+(L* o (B+y 'ldg) " o L|X), (3.11)

where det(X) denotes the determinant of X and (X | B) denotes the trace of X o B. Then L & Bis the
unique minimizer of F.

Proof. Let S(H) denote the set of self-adjoint operators on H. Since S(H) — S(H): X — X+y dy
is affine, [3, Example 24.66 and Proposition 8.20] show that f is convex, differentiable, and that (VX €
S8(H)) VF(X) = —=(X + y Hdg) L. Thus, F is also convex and differentiable, being the sum of f and
an affine function. Therefore, by virtue of [3, Theorem 16.3 and Proposition 17.31(i)], it suffices to
find the critical points of F, that is, to solve VF(X) = 0. Altogether, Proposition 3.1(iv)(a) ensures that

Lo B e 8(H), and
VF(X) =0 —(X+y dy) " +L" 0 (B+y ldg) oL =0
© X+y dy =L > (B+y 'Idg)
& X=L6B, (3.12)
which completes the proof. [

We now focus on Lowner partial ordering relations for resolvent compositions. These ordering
relations will assist us in studying the convergence properties of resolvent compositions L ¢ B and

L 4 B, as well as of the new interpolation .£, (L, B) introduced in Section 5, as y varies.

Proposition 3.3. Suppose that L € B (‘H,G) satisfies0 < ||L|| < 1, let B € §(G), and lety € ]0,+00].
Then the following hold:

(i) Set®=1/(1+yl|B|). Then§(L* cBoL) < LeB< L*0BolL.

(ii) Suppose that A € $(G) satisfies A < B. Then LeA<L4B.

(iii) Let p € ]0,+0co[ be such that p < y. ThenL«B< L' B.

A~

Proof. Set ¥ =1Idg — L o L* and recall that L ¢B=L1"0(B'+y¥) ! o L by Lemma 2.4.
(i): Note that B < ||B|| Idg and that Lemma 2.1(ii) implies that Idg < ||B|| B™". Since 0 < ¥ < Idg,

B!'<B'+y¥< B '+yldg < (1+y|B|) B, (3.13)
and, by virtue of Lemma 2.1(ii),

0B < (B'+y¥) ' < B. (3.14)



Hence, we deduce from (3.14) and Lemma 2.1(iii) that
O(L* oBoL) < LeB<L*oBolL. (3.15)

(ii): Since ¥ € P(G), A™! + y¥ and B™! + y¥ are in 8(G). Further, by Lemma 2.1(ii) and the fact
that A< B, Bl +y¥ < A7 + y¥. Thus, (A" +y¥)"! < (B! + y¥)"L. Altogether, we deduce from
Lemma 2.1(iii) that

LeA=L"o (A +y¥) oL L*o (B +y¥) "o L=LeB. (3.16)
(iii): Note that B™! + y¥ and B! + pV¥ are in 8(G) and that B! + p¥ < B! + y¥. Therefore,
Lemma 2.1(ii)-(iii) yields
LeB=L'o (B +y¥) oL <L o (B +p¥) ' oL=L%B, (3.17)
as claimed. 0O

Corollary 3.4. Suppose that L € B (H, G) is bounded below and satisfies |L|| < 1, let B € 8(G), and
lety € 10, +00[. Then the following hold:
(i) Setw =1+|[B~!||/y. Then L*> B < L6 B < w(L* > B).
(i) LB < LoB.
(iii) Suppose that A € S(G) satisfies A < B. Then LSA<LSB.
(iv) Let p € ]0,+00[ be such that p < y. Then L&B < L% B.
Proof. By Proposition 3.1(iv)(a), L $Be S8(H). Further, recall that (1.4) yields L 5B = (L 11)/ B~ H™

(i): This follows from Lemma 2.1(ii) and Proposition 3.3(i) applied to B~ and 1/y.
(ii): By Proposition 3.1(ii), Lemma 2.2(ii), and Proposition 3.1(iv)(b),

Y Y
@LKB =Le@p<Lo@p= @LgB' (3.18)
Therefore, L 14 B<1L {); B.

(iii): This follows from Lemma 2.1(ii) and Proposition 3.3(ii) applied to B! and 1/y.

(iv): This follows from Lemma 2.1(ii) and Proposition 3.3(iii) applied to B! and 1/y. 0O

Corollary 3.5. Suppose that L € B (H, G) is bounded below and satisfies |L|| < 1, let B € 8(G), and
setk = ||B|| ||B7}|| and p = (1 ++k)?. Then L* o Bo L < p(L* > B).

Proof. Set f:]0,+00[ — ]0,+c0[: y — (1+y||B||)(1+|/B~!||/y). By Proposition 3.3(i), Corollary 3.4(ii),
and Corollary 3.4(i),

(Vy €]0,40[) L*oBoL< f(y)(L"> B). (3.19)
Since p = minyejo+oo[ f(y), the assertion follows from (3.19). 0

We now present the main result of this section. In contrast to [12, Propositions 5.8 and 5.12(i)],
which establish graph convergence of resolvent compositions, the following theorem provides asymp-
totic behavior of resolvent compositions in operator norm, which is stronger than graph convergence
and therefore offers additional stability properties.



Theorem 3.6. Suppose that L € B (H, G) satisfies 0 < ||L|| < 1, and let B € §(G). Then the following
hold:

() LéB—L*0BoLas0<y— 0.
(ii) Suppose that L is bounded below. Then L &B — L*> B as Yy — +oo.

Proof. (i): Set (Vy € ]0,+o0[) 6, =1/(1+y||B||) and D, = (L* cBo L) - (LKB). By Proposition 3.3(i),

1-6,
9)/

0< D, < ( ) (I*oBol). (3.20)

In addition, note that 6, — 1 as 0 < y — 0. Therefore, it follows from (3.20) and Lemma 2.1(iv) that

1-0
Dyl < (Q—Y) IL* o BoL| — 0 as 0 <y — 0, (3.21)
Y

(ii): Set (Vy € 10, +oo[) @, = 1+ ||B~Y||/y and D, = (L & B) — (L* > B). By Corollary 3.4(i),
0< Dy < (0, —1) (L"> B). (3.22)
Also, note that w, — 1 as y — +oo. Therefore, we combine (3.22) and Lemma 2.1(iv) to obtain
IDy]| < (w, = 1) [[IL">B|| = 0 as 0 <y — +oo, (3.23)
which completes the proof. [

Corollary 3.7. Suppose that L € B (H, G) is bounded below and satisfies ||L|| < 1. Then the operator
R: 8(G) — S(H): A L*> A is concave in the sense that

(VA€ ]0,1[) (VA € 8(G)) (VB € 8(G)) A(L*>A)+(1-A)(L*>B) < L* > (AA+ (1 - 1)B). (3.24)
Proof. By Proposition 3.1(iv)(c), Ry : 8(G) — 8(H): A LoAis concave, i.e.,

(VA €10, 1[) (VA € 8(8)) (VB € 8(G)) ALSA)+(1-A)(LSB) < L*s (AA+ (1— A)B). (3.25)

Hence, letting y — +o0 in (3.25) and invoking Theorem 3.6(ii) together with Lemma 2.1(v), we obtain
(3.24). 0O

Remark 3.8. In the context of the resolvent averages of Example 1.2, Theorem 3.6 and Corollary 3.7
generalize [4, Theorem 4.2 and Corollary 4.6], which were established in the finite-dimensional con-
text using different techniques.

Corollary 3.9. Suppose that L € B (H, G) is an isometry, and let B € 8(G). Then the following hold:

(i) (Vy€]0,+o0[) L*>B< LeB< L*0BolL.
(i) L¢B— L*oBoLas0<y— 0.

(iii) LeB—L*>B asy — +oo.

10



Proof. Since L is an isometry, Lemma 2.5 yields L EB=L4B.
(i): This follows from Proposition 3.3(i) and Corollary 3.4(i).
(ii): This follows from Theorem 3.6(i).

(iii): This follows from Theorem 3.6(ii). [0

Corollary 3.10 (resolvent mixtures). Consider the setting of Example 1.1. Then the following hold:

(i) My (L. Bi)i<kep < Zh_, akLi 0 B o L.
(i) My (Li Bi)1<k<p — Sho, @kLi 0BroLias0 <y — 0.
(iii) Suppose that L; is bounded below for some j € {1,..., p}. Then the following are satisfied:
(@) My (L, Br)i<ksp € S(H) and M (L, Bx)1<k<p € S(H).
(b) (ZF_ axLio Bt o L) ™ < My (L B)i<kep-
(©) My (L, Bi)ickep — (ZF_ axLi 0 Bl o Li) ™ asy — +co.
Proof. Note that L*oBoL = Zzzl ajL;oBroLyand L* > B = (Zzzl axL; o B;l o Lk)_l. Further, if L; is

bounded below for some j € {1,..., p}, then L is also bounded below. Indeed, there exists & € ]0, +oo[
such that (Vx € H) a||x|l < ||Ljx|lg;- Thus, L is bounded below since

% 2 2 22 |2 1/2
(e H) lixllg = (Y exlilexlly, | > (@elll) = (@) Ixlle (3.26)
k=1

(i): This follows from Proposition 3.3(i).

(ii): This follows from Theorem 3.6(i).

(iii)(a): This follows from Proposition 3.1(iv)(a).
(iii)(b): This follows from Corollary 3.4(i).
(iii)(c): This follows from Theorem 3.6(ii). [0

We conclude this section by deriving a result that recovers and extends [4, Theorem 4.2], which
was proved in the finite-dimensional setting.

Corollary 3.11. Consider the setting of Example 1.2. Then the following hold:
@) (P aBe!) ™ < ravy(Bi)ickep < Zh_, aicBy.
(ii) ravy(Bi)i<k<p — Z‘Zzl B as0 <y — 0.
(iii) ravy(Bi)ickep — (X0_, axB;Y) ™ asy — +oo.
Proof. Recall that rav, (By)i1<k<p = My (Idz(, B )1<k<p = My (Idg1, Br)1<k<p-
(i): This follows from items (i) and (iii)(b) in Corollary 3.10.

(ii): This follows from Corollary 3.10(ii).
(iii): This follows from Corollary 3.10(iii)(c). O
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§4. Nonexpansiveness of resolvent compositions

In this section, we build on the results of Section 3 to prove that the resolvent composition operations
are nonexpansive with respect to the Thompson metric [30] on 8(H), defined by

(VA € S(H))(YB € S(H)) d? (A, B) = In(max{g(A, B),g(B, A)}), (4.1)

where g(A, B) = inf{/l €]0,+o0[ | A < AB}.

The Thompson metric was originally defined on cones in Banach spaces [30]. Since S(H) is con-
tained in the cone of monotone self-adjoint operators on B (H), which is closed and hence complete
in the operator norm topology, and since every A € S(H) satisfies aldyy < A < ||A||Idy for some
a € ]0,+o0], it follows from [30, Lemma 3] that (S(H), d;’f) is a complete metric space. The metric
d;’f' provides a geometric structure on §(#) that plays a central role in the study of nonlinear matrix
equations, especially for establishing existence and uniqueness results via Banach contraction map-
pings [23, 24, 25, 26], and in various applications to nonlinear optimization [13, 21, 27]. In this context,
the nonexpansiveness of resolvent compositions is crucial, as it ensures that the resulting operations
preserve both the metric structure and the stability necessary for analysis. For instance, in Section 5,
we present two nonlinear equations based on resolvent compositions that admit unique solutions.

Theorem 4.1. Suppose that L € B (H, G) is bounded below and satisfies ||L|| < 1, and let y € 10, +oo[.
Then the following hold:

() T,: (8(G), d?) — (S(?’(),d;f{): B L4Bis nonexpansive, ie.,

(VA € 8(G))(¥B e 8(G)) d¥(L+AL+B)<di(AB). (4.2)

(i) R,: (8(G). d?) — (8(H), dﬁ): B> L5Bis nonexpansive, i.e.,
(VA €8(6))(YBe8(G)) df(LSALSB)<d (A B). (4.3)

Proof. Let A and B be in §(G), and set g(A, B) = inf{/l €]0,+00[ | A X AB}.
(i): Note that the operator T, is well defined by Proposition 3.1(iv)(a). By virtue of (4.1),

A< edTABg (4.4)

On the other hand, it follows from [12, Proposition 3.1(vi)] and Proposition 3.3(iii) that

(Vp € [1,400[) L4 (pB)=p(L's B) < p(L+B). (4.5)

G
Since e97 (4B > 1, we combine Proposition 3.3(ii), (4.4), and (4.5) to obtain

LYAS LY (e ABB) < 7 (AB) (L4 p). (4.6)
In turn,
Y Y . Y Y dg(A,B)
g(LeALeB)=inf{d € ]0,+0[ | Le A< A(LoB)} < er@B), (4.7)

By the same argument,

g(LYB,LYA) < % 4B) (4.8)
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Altogether, it follows from (4.1), (4.7), and (4.8) that

d7(LeALeB)=max{Ing(Ls A L+B), Ing(L+B LeA)}<di(AB). (4.9)

(ii): Note that R, is well defined by Proposition 3.1(iv)(a). Since d? (A,B) = d? (A71, B™1), we deduce
from (i) and (1.4) that

vy i 1
HLSALSB)=d(L'¥ A LW B < d9 (A7, B") = d9 (A, B), (4.10)

as announced. [

Corollary 4.2. Suppose that L € B (H, G) is bounded below and satisfies ||L|| < 1, and lety € 10, +oo].
Then the following hold:

() To: (S(Q),d?) — (S(?‘(),d(TH): B+ L* o Bo L is nonexpansive.

(ii) Ryco: (S(g),d?) — (S(‘H),d;{): B+ L* > B is nonexpansive.

Proof. (i): This follows from Theorem 4.1(i) and Theorem 3.6(i).
(ii): This follows from Theorem 4.1(ii) and Theorem 3.6(ii). [0

Corollary 4.3. Consider the setting of Example 1.1. Suppose that L; is bounded below for some
j € {1,...,p} and that, for every k € {1,...,p}, Ax € 8(Gk), and set A: G — G: (Yr)i<k<p H
(AkYk)i<k<p- Then

<& <
and

In other words, the resolvent mixtures are nonexpansive for the Thompson metric.
<k<

Proof. 1t is straightforward to verify that d? (A, B) = max dg, (Ak, Bx). On the other hand, L SA =
Isksp

My (L, Ak)1<k<p and L CA= My (Lk, Ax)1<k<p- Hence, the assertion follows from Theorem 4.1. [

Corollary 4.4 ([19, Theorem 3.5]). Consider the setting of Example 1.2. Suppose that, for every k €
{1,....p}, Ay € 8(H), and set A: G — G: (Yr)1<k<p P (AkYk)1<k<p- Then

dg“{(ravy(Ak)Kkgm raVy(Bk)1<k<p) < d?(A, B). (4.13)

In other words, the resolvent average is nonexpansive for the Thompson metric.

Proof. Since ravy (Ax)i<k<p = My (Idgy, Ax)1<k<p» the conclusion follows from Corollary 4.3. [
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§5. Geometric means and nonlinear equations

Let A € 8§(G). Since A is strongly positive, there exists a € ]0,4+o0[ such that aldg < A. Conse-
quently, the spectrum o (A) is contained in the compact interval [«, ||Al|] (see [28, Theorem VI.6 and
Problem VII.12]). Hence, for every t € R, the function f;: 6(A) — R: A — A’ is well defined and
continuous, and the operator f;(A) = A’ is therefore defined according to the continuous functional
calculus (see [28, Section VII]).

Given A € §(G) and B € §(G), an important instance of Kubo-Ando’s operator means [18] is the
t-weighted geometric mean [1, 19, 22, 26] of A and B, defined by

t
(Vi€ [0,1]) A#B=AY%0 (A‘l/2 oBo A‘l/z) o A2, (5.1)

From a geometric viewpoint, the curve ¢t — A#;B describes a minimal geodesic between A and B with
respect to the Thompson metric (see, e.g., [22, Lemma 2.2(iv)]), in the sense that

(Vt € [0,1])(Vs € [0,1])  d9(A#B, A#,B) = |t — 5| d% (A, B). (5.2)

In particular, the geometric mean A#B = A#;/,B is the metric midpoint of the arithmetic mean
(A + B)/2 and the harmonic mean 2(A™! + B™!)! for the Thompson metric (see [11, 20]).

The following result introduces a new interpolation between L* > B and L* o Bo L, which generalizes
the weighted &/#7 -mean discussed in Example 1.3.

Proposition 5.1. Suppose that L € B (H,G) is an isometry, let B € 8(G), and let y € ]0,+00[. Define
L,(L,B) = (L" o (B+yldg) o L)#(L" > (B+ yldg)) — yldy (5.3)
and
£, (LB) = (LY(L,B )) . (5.4)
Then the following hold:

() '>B< L ,(L,B)< LeB< L1,,(LB)< L*oBoL,
(i) £y(L,B) > L*oBoLasy — +co.
(iii) £, (L,B) = L*> B asy — —oco.

Proof. (i): Since L is an isometry, L* o L = Idg; and Lemma 2.5 yields L $B=L4B. By Corollary 3.9(i),
(5.3), and the fact that B#B = B,

Ly (LB) < (L* o (B+y 'Idg) o L)#(L* o (B+y 'Idg) o L) — y 'Idy
= (Lo (B+y 'Idg) o L) — y 'Idg
=L*oBoL+y '(L* oL -1Idy)
=L*oBolL. (5.5)

Similarly, (1.3), Corollary 3.9(i), and (5.3), imply that
L5B=L"> (B+y '1dg) -y Idy
= (L*> (B+y 'Idg))#(L* > (B+y 'ldg)) — y 'Idy
< (L*o (B+y 'Idg) o L)#(L* > (B+y 'Idg)) — y 'Idg

= Ly/,(L, B). (5.6)
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Thus, (5.5) and (5.6) yield

LeB< Ly (L,B)< L*oBolL. (5.7)
On the other hand, by virtue of Lemma 2.1(ii), (5.7) applied to B~ and 1/y, (5.3), and (1.4),

L'>B=(L"oBloL) < £,(LB) ' '=£L (LB < (L WY =1iB=LYB (59

Hence, the result follows from (5.7) and (5.8).
(ii): This follows from (i) and Corollary 3.9(ii).
(iii): This follows from (i) and Corollary 3.9(iii). O

Remark 5.2. Note that the operator £, (L, B) is a type of weighted geometric mean that interpolates
between the parallel composition L* > B (y — —oo) and L* o Bo L (y — +o0). In the particular case
where L and B are defined as in Example 1.2, L* o Bo L = Zi:l ai By is the arithmetic average,

L*>B= (Ziz ) o:kBlzl)_l is the harmonic average, and £, (L, B) reduces to the weighted o/ #7 -mean
with parameter y of Example 1.3, with Proposition 5.1(ii)-(iii) recovering [17, Proposition 3.4].

We now focus on nonlinear equations that are based on resolvent compositions. The nonexpansive
nature of these operations, as shown in Section 4, will play a key role in our subsequent analysis.

Proposition 5.3. Suppose that L € B (H, G) is bounded below and satisfies ||L|| < 1, let B € $(G), let
Y € 10,+0o[, and let t € ]0, 1[. Set

0: (8(G),d9) — (S(H),d¥): X > L+ (X#,B). (5.9)
Then the following hold:

(i) ¢ is (1 — t)-Lipschitzian.
(i) Suppose that H = G. Then the problem

find X € S(H) suchthat X =L+ (X#B) (5.10)

admits a unique solution.
Proof. (i): It follows from Theorem 4.1(i) and [22, Lemma 2.2(iii)] that
(VX € 8(8)) (VY €8(G)) dH (p(X),p(Y)) = d (L e (X#,B),L s (Y#B))
< d9 (X#,B, Y#,B)
< (1-1d9(X,Y) +1td¥ (B, B)
= (1-1)d9 (X, Y). (5.11)

(ii): Since d;’f' is a complete metric on S(H), (i) and the Banach-Picard theorem [3, Theorem 1.50]
ensure that ¢ admits a unique fixed point, i.e., (5.10) admits a unique solution. [

Remark 5.4. Let X € §(H) be the unique solution to (5.10). Since (X#,B)™! = X" '#,B™ 1 and L ‘B=

1/
(L 6 B™1)71, we note that X! is the unique solution to the problem

find Ye8(H) suchthat Y=L 1</>y (Y#,B7). (5.12)
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Proposition 5.5. Suppose that L € B (H, G) is bounded below and satisfies ||L|| < 1, let B € $(G), let
Yy €10, +0co[, lett € |—-1,1[, and set

0: (8(6),d9) = (S(H),d}): X > L+ (B* 0 X' 0 B). (5.13)
Then the following hold:
(i) ¢ is |t|-Lipschitzian.
(i) Suppose that H = G. Then the problem
find X € 8(H) suchthat X =L (B*oX'oB) (5.14)
admits a unique solution.

Proof. Since B € 8(G), for every X € 8(G), B* o X! o B € 8(G). Hence, ¢ is well defined by virtue of
Proposition 3.1(iv)(a).
(i): Let X € 8(G) and Y € 8(G). By [22, Lemma 2.2(i)],

d9(B* o X' 0B, B o Y' 0 B) = d9 (X', Y") = a9 (X", Y!) (5.15)
Thus, combining Theorem 4.1(i), (5.15), and [22, Lemma 2.2(iii)],
H(r YV p* t Y opx t G ( n* t * t
dr (Le(B*oX'oB),Le(B"oY' 0B))< df{(B"oX"oB,B oY 0B)
- d?(Xltl, Y|t|)
= df (Idg# X, 1dg# Y)
< [tldé (X, ). (5.16)
(ii): This follows from (i) and the Banach-Picard theorem. [

Corollary 5.6. Consider the setting of Example 1.1. Suppose that L; is bounded below for some j €
{1,...,p} and that, for every k € {1,...,p}, Gx = H, and lets € 10,1 andt € |-1,1[. Then the
problems

find X €S(H) suchthat X = My (Li. X#Bi), e, (5.17)
and

find X € S(H) suchthat X = /:Ay(Lk,B,t o X! oBk)1<k<p (5.18)
admit unique solutions.
Proof. SetR: 8(H) — 8(G): X — X, where X: G — G: (yx) = (Xyk)1<k<p, and set

o1: (8(G),d9) — (S(H),d¥): X > L & (X#,B) (5.19)
and

02 (8(6),d9) — (S(H),d¥): X - L+ (B o X' 0 B). (5.20)
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Note that (VA € ]0,+00[) X S 1Y = X < AV. Thus,

9(X, Y) =inf{1 € ]0,+c0[ | X < AY} < inf{A €]0,+c0[ | X < AV} = g(X,Y), (5.21)
and it follows from (4.1) that

d% (R(X),R(Y)) = d% (X, ¥) < d} (X, Y). (5.22)
Now, given that R is nonexpansive, Propositions 5.3(i) implies that ¢, oR is (1—s)-Lipschitzian, whereas
Proposition 5.5(i) implies that ¢, o R is |t|-Lipschitzian. Further, since X#;B: G — G: (yr)i<k<p H
((X#sBk)yk)Kkgp and B* o X' 0B: G = G: (Yk)i<k<p - ((B;; oXto Bk)yk)1<k<p’ we deduce that

010 R: S(H) — S(H): X > Lo (X#B) = My (L, X#:Bi)1<k<p (5.23)
and

@20R: S(H) - 8(H): X — L ¢ (B*oX'0B) = KAY(Lk,B; o X' 0 Bi)1<k<p- (5.24)

Altogether, it follows from the Banach-Picard theorem that ¢; oR and ¢, oR admit unique fixed points,
i.e., the problems (5.17) and (5.18) admit unique solutions. [

Corollary 5.7. Consider the setting of Corollary 5.6. Then the problems

p
find X € S(H) suchthat X = Z arLy o (X#:By) o Ly (5.25)
k=1
and
4
find X € 8(H) suchthat X = Z arL; o (By o X' 0 By) o L (5.26)
k=1

admit unique solutions.
Proof. As shown in the proof of Corollary 5.6, the operators

S(H) = S(H): X = My (L, X#5Bj)1<k<)p (5.27)
and

S(H) — S(H): X — My (Ly, By o X* 0 B)1<k<p (5.28)

are (1 — s)-Lipschitzian and |¢|-Lipchitzian, respectively. Therefore, by virtue of Corollary 3.10(ii),
letting y — 0, we deduce that operators

P
S(H) — S(H): X Z axLi o (X#By) o Ly (5.29)
k=1
and
S(H) %S(W):XHLZO(BZoXtoBk)oLk (5.30)

are (1 — s)-Lipschitzian and |t|-Lipchitzian, respectively. Finally, the conclusion follows from the
Banach-Picard theorem. [
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Corollary 5.8 ([19, Theorem 4.2]). Consider the setting of Example 1.2, and let s € 10,1 and t €
1—1,1[. Then the problems

find X € 8(H) suchthat X =rav,(X#Bi)i<k<p (5.31)
and

find X € 8(H) suchthat X =ravy(B; o X' o Bi)i<k<p (5.32)
admit unique solutions.

Proof. A direct consequence of Corollary 5.6. [

Corollary 5.9 ([22, Theorem 3.1]). Consider the setting of Example 1.2 and let s € )0, 1[. Then the
problem

P
find X €8(H) suchthat X =) ap(X#B) (5.33)
k=1

admits a unique solution.

Proof. A direct consequence of Corollary 5.7. [0
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